Entanglement with Centers by Ma, Chen-Te
Prepared for submission to JHEP
Entanglement with Centers
Chen-Te Ma a,1
aDepartment of Physics and Center for Theoretical Sciences, National Taiwan University, Taipei
10617.
E-mail: yefgst@gmail.com
Abstract: Entanglement is a physical phenomenon that each state cannot be described
individually. Entanglement entropy gives quantitative understanding to the entanglement.
We use decomposition of the Hilbert space to discuss properties of the entanglement. There-
fore, partial trace operator becomes important to define the reduced density matrix from
different centers, which commutes with all elements in the Hilbert space, corresponding to
different entanglement choices or different observations on entangling surface. Entanglement
entropy is expected to satisfy the strong subadditivity. We discuss decomposition of the
Hilbert space for the strong subadditivity and other related inequalities. The entanglement
entropy with centers can be computed from the Hamitonian formulations systematically,
provided that we know wavefunctional. In the Hamitonian formulation, it is easier to ob-
tain symmetry structure. We consider massless p-form theory as an example. The massless
p-form theory in (2p+ 2)-dimensions has global symmetry, similar to the electric-magnetic
duality, connecting centers in ground state. This defines a duality structure in centers.
Because it is hard to exactly compute the entanglement entropy from partial trace opera-
tor, we propose the Lagrangian formulation from the Hamitonian formulation to compute
the entanglement entropy with centers. From the Lagrangian method and saddle point
approximation, the codimension two surface term (leading order) in the Einstein gravity
theory or holographic entanglement entropy should correspond to non-tensor product de-
composition (center is not identity). Finally, we compute the entanglement entropy of
the SU(N) Yang-Mills lattice gauge theory in the fundamental representation using the
strong coupling expansion in the extended lattice model to obtain spatial area term in total
dimensions larger than two for N > 1.
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1 Introduction
Quantum gravity theory with ultraviolet information is expected to be based on the princi-
ple of quantum mechanics and gravity theories. The M-theory is a candidate framework of
quantum gravity theory by using dualities to unify all fundamental theories. In low-energy
limit, we have a suitable low-energy description [1–6] with duality structures in the M-
theory. Ten dimensional low-energy effective theory has the T-duality and S-duality. The
T-duality of closed string theory [7, 8] exchanges momentum and winding modes, and the
T-duality of open string theory exchanges the Dirichlet and Neumann boundary conditions.
The T-duality is not a well-defined map as diffeomorphism in the low-energy effective the-
ory so we have non-single valued fields after we perform the T-duality [9–14]. A solution is
to sacrifice the gauge symmetry to have a global symmetry structure in double space [15–
22]. This approach is based on geometric construction from the Courant bracket [23, 24].
The S-duality is a duality between strong and weak coupling constants. Exchanging the
coupling constants lead non-perturbative and strongly coupled issues to the ten dimen-
sional low-energy effective theory. One simple and famous example in the S-duality is the
electric-magnetic duality [25–27] in four dimensional electromagnetism. The combination
of the T-duality and S-duality is the U-duality, and it is studied in the eleven dimensional
supergravity with the manifest meaning [28].
Duality gives the non-trivial equivalence to our theories and large constraints to con-
struction of quantum gravity theory. Well-defined Quantum gravity theory is believed to
be a unique description. More restrictions should lead us to probe fundamental properties
of quantum gravity. Thermal entropy gives us information to count degrees of freedom of
states. This is also consistent with the duality in the low-energy effective theory. For ex-
ample, the multiple M2-branes theory has expected N3/2m scaling law in the large Nm limit
if we have Nm M2-branes. Thermal entropy should be a suitable quantity to constraint
quantum gravity theory.
Entanglement entropy has more general meaning than the thermal entropy. If we iden-
tify the reduced density matrix as exp(−βH), where H is the Hamitonian and β is inverse
temperature, and replace partial trace operator by trace operator, we should obtain the
thermal entropy from the entanglement entropy. The entanglement entropy has similar
scaling laws as in the thermal entropy in ten dimensional supergravity theory. The thermal
entropy vanishes at zero temperature, but the entanglement entropy is not. The entan-
glement entropy should have more applications than the thermal entropy. Unfortunately,
definition of the entanglement entropy suffers from local gauge symmetry problem. Be-
cause we divide space into two parts to define the entanglement entropy, an entangling
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surface is hard to guarantee gauge symmetry. In order to define the entanglement entropy
in a theory with local gauge symmetry, we need to generalize partial trace operator from
tensor product decomposition of the Hilbert space to non-tensor product decomposition of
the Hilbert space from the Von-Neumann algebra [29, 30]. In local quantum field theory,
the Von-Neumann algebra does not lose generality to describe our quantum theory. Now
this definition is based on defining partial trace operator in mathematical sense. What we
computed is still unclear in physics. A complete discussion of mathematical inequalities for
information meaning is still necessary.
The entanglement entropy reminds us to use more fundamental ways to understand
quantum theory. We usually use the Lagrangian or the Hamitonian formulations to under-
stand quantum theories. Constructing the Hamitonian or Lagrangian densities is not an
easy work for some gauge symmetries, for example, the multiple M5-branes theory. Many
properties in the entanglement entropy can be understood from the Hilbert space before we
compute explicitly. In fact, we have complete information even if we only have the Hilbert
space. The equivalence between two theories is often checked by duality. A more direct
and rigorous way is to use algebras and n-point functions in the Hilbert space. Algebraic
structure of the entanglement entropy already has useful discussion from the Von-Neumann
algebra. How to use algebra to obtain the entanglement entropy should be important in
algebraic quantum field theory.
Quantum field theory has one interesting and unsolved strongly coupled problem that
we want to understand from various approaches. Our understanding in quantum field
theories is almost based on perturbative calculation, only valid in weak coupling region.
We do not have generic exact methods to know quantum field theory. In strong coupling
regime, confinement is a famous phenomenon in the quantum chromodynamics (QCD).
Due to asymptotic freedom behavior in the QCD model from perturbation, we believe that
strong coupling regime is in the low-energy domain. Confinement phenomenon leads many
theoretical physicists to work in strongly coupled field theory. Even if what we consider is
not QCD, we usually expect that similar properties in the QCD can be obtained or a new
computation tool will be developed to let us know more for strongly coupled physics. In the
M-theory, the S-duality or electric-magnetic duality are examples to find strongly coupled
physics from weakly coupled regime. This is why many people are interested in duality
structure because it sheds light on strongly coupled issues. In the holograph approach, we
use anti-de sitter (AdS) spacetime to get strongly coupled conformal field theory (CFT ),
which connects gravity theory in weakly coupled regime to the SU(N) super Yang-Mills
theory in the adjoint representation in strongly coupled regime from the large N , decoupling
and near horizon limits in the AdS5/CFT4 [31]. The holograph principle is a conjecture,
but there are many evidences to let us be interested in finding some behaviors of physics
first from the holograph principle. Standard computation techniques in the entanglement
entropy are replica trick and conical method. The computation is very hard to obtain
exact solutions in interaction field theory so development of the holograph principle in the
entanglement entropy is interesting for understanding behavior of the entanglement entropy
before we use field techniques to exactly compute. Because the entanglement entropy
does not vanish at zero temperature, it has potential to do order parameter to classify
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confinement. The entanglement entropy is possibly useful in strongly coupled regime. The
study of the holographic entanglement entropy [32–34] should help us know more about
the entanglement entropy in strongly coupled domain. But this approach is not useful
in QCD. The SU(N) super Yang-Mills has many different properties which are not the
same as in the QCD model. We do not expect that the holograph principle helps us to
understand the QCD model. For a direct computation, it is more convenient to use strong
coupling expansion on lattice to compute the QCD model. The strong coupling expansion
is a convergent expansion with respect to strong coupling constant. This gives exact results
to the strong coupling physics order by order, but the drawback is continuum limit in
strong coupling regime. But the confinement can be obtained from the strong coupling
expansion in QCD so we believe that some behaviors still hold even if we lose continuum
limit. The entanglement entropy in the QCD model can also be computed from the strong
coupling expansion on lattice. The difficulties are to overcome gauge symmetry problem
on entangling surface. The approach is to define the entanglement entropy from extending
the Hilbert space [35]. Other methods of the entanglement entropy on lattice are studied
on [36, 37].
Our goal in this paper is to obtain more mathematical properties and give useful com-
putation methods in the entanglement entropy with center. Now we generalize partial
trace operator from the case of tensor product to non-tensor product decomposition of the
Hilbert space in the context of the Von-Neumann algebra. Different choices of the centers
can be seen as different observations on entangling surface. It is nature to see different
entanglement information from different centers. But physical part of the entanglement
entropy in quantum field theory should be universal part. The universal part of the en-
tanglement entropy possibly not be affected by a choice of centers on continuous space.
The physical interpretation of the entanglement entropy with centers is still unclear. A
direct examination is to check mathematical inequalities with information meaning. Even
if we do not find these inequalities hold in general situations, it is still interesting to let
us understand what decomposition of the Hilbert space gives information meaning. Given
a wavefunctional, the Hamitonian formulation is easier to obtain some exact properties.
An interesting problem in the center is to find symmetry structure to connect them. This
motivation lets us consider a massless p-form theory in (2p+ 2)-dimensions. We find global
symmetry, similar with the electric-magnetic duality, connecting different choices of the
entanglement entropy on a rotation. The exact solution of the entanglement entropy in the
Hamitonian formulation relies on numerical studies so we propose the Lagrangian formu-
lation from the Hamitonian formulation. The Lagrangian formulation is easier to compute
due to avoiding to use partial trace operator. From the Lagrangian formulation, we find
that computation of the entanglement entropy with center is equivalent to considering the
Lagrangian with boundary conditions. The Einstein gravity theory has diffeomorphism
gauge symmetry and has many similar properties with the non-abelian gauge theory. We
expect that the Einstein gravity theory should suffer from the same issue as in gauge theory.
We use saddle point approximation to consider the entanglement entropy at leading order.
The codimension two surface will be obtained from an entangling surface. This should cor-
respond to non-tensor product decomposition of the Hilbert space. We also check that our
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computation is also compatible with holograph limit. Finally, we use the extended lattice
model [35] to consider the entanglement entropy in the SU(N) lattice gauge theories in the
fundamental representation using the strong coupling expansion. We find that the entan-
glement entropy will vanish in the infinite strong coupling constant so this result possibly
confirm color confinement in low-energy domain.
We discuss various mathematical properties of the entanglement entropy with centers
in Sec. 2. We also discuss the massless p-form theory in the Hamitonian formulation, pro-
pose the Lagrangian formulation to compute the entanglement entropy with center from the
Hamitonian formulation, and discuss the decomposition of the Hilbert space in the Einstein
gravity theory in Sec. 3. Then we enlarge the Hilbert space to compute an electric choice
of the entanglement entropy in the SU(N) lattice gauge theory in the fundamental repre-
sentation, and strongly coupled region using strong coupling expansion from an extended
lattice model formulation, and discuss results in Sec. 4. Finally, we conclude in Sec. 5.
We define information in appendix A and review the Von-Neumann algebra in Appendix
B. The details of the Strong subadditivity is shown in Appendix C, explicit computation of
quantum entropy in free theory in Appendix D and the details of the entanglement entropy
in the Einstein gravity is also shown in Appendix E. We also introduce the AdS5 metric in
Appendix F, the Hamitonian formulation in the lattice SU(N) Yang-Mills gauge theory in
the fundamental representation in Appendix G and review the extended lattice model in
Appendix H.
2 Entanglement Entropy with Center
We use center, which commutes with other elements in the Hilbert space, to define decom-
position of the Hilbert space. In other words, we use center to classify the entanglement
information. We expect that the entanglement information should satisfy strong subaddi-
tivity and other inequalities or relations so we discuss these mathematical properties.
2.1 Center
Quantum properties are hidden in canonical relations. A complete discussion in the entan-
glement entropy should start from canonical relations. The entanglement entropy is defined
from information. The detailed discussion of information is in Appendix A. The classical
Shannon entropy is defined as HC = −
∑
i pi ln pi, where we denote space indices from i to
z, and quantum entropy as SQ(ρ) ≡ −Tr
(
ρ ln ρ
)
, where ρ is a density matrix and Tr is a
trace operator. We also define 0 ln 0 ≡ 0 in the entropy quantities.
Definition 1. A density matrix ρ on the Hilbert space is a self-adjoint non-negative trace
class operator whose trace is unity.
We have operator algebras on two regions (V and V¯ ), and consider local quantum field
theory, then we use algebra
AV = A
′¯
V , AV¯ = A
′
V (2.1)
– 4 –
without losing generality, where AV is a algebra in region V and AV¯ is a algebra in region
V¯ . A′ is the commutant of A. If we consider tensor product decomposition of total Hilbert
space (H = HV ⊗ HV¯ ), the algebra can be amplified (AV → AV ⊗ IV¯ , AV¯ → IV ⊗ AV¯ ).
Then this decomposition corresponds to the trivial choice (center is the identity operator).
In general, we should include non-trivial centers (center is not the identity operator) in
our discussion. A theory has different centers using different decompositions of the Hilbert
space. For example,
[pi(x), pi(y)] = 0, [pi(x), φ(y)] = −iδD−1(x− y), [φ(x), φ(y)] = 0. (2.2)
This is a standard scalar field theory in D-dimensions. In this case, we can remove pi
on entangling surface to let φ be a center on entangling surface. This choice does not
correspond to a tensor product decomposition of the Hilbert space. Removing operators on
entangling surface can be seen as a different observation in the local operators on entangling
surface. Different observation gives different entanglement information. This ambiguity of
the entanglement entropy is generic, and should not give any non-physical issues from this
aspect.
Computing the entanglement entropy with center is to find a basis to diagonalize center.
The mathematical proof is in Appendix B [38], especially for the Theorem 5 and the Lemma
3. We first give a procedure of computing for discrete measure, then we discuss results of
the continuous measure. A center (Z) is isomorphic to
λ11 0 . . . 0
0 λ21 . . . 0
...
...
...
0 0 . . . λm1
 . (2.3)
Total algebras
A ∪A′ =
(
A ∪A′
)′′
=
(
A′ ∩A
)′
= Z ′ (2.4)
are isomorphic to 
A1 ⊗A′1 0 . . . 0
0 A2 ⊗A′2 . . . 0
...
...
...
0 0 . . . Am ⊗A′m
 . (2.5)
The algebra A is also isomorphic to a block diagonal form
A1 0 . . . 0
0 A2 . . . 0
...
...
...
0 0 . . . Am
 . (2.6)
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Therefore, the total Hilbert space (H) is isomorphic to
⊕
k
(
HkV ⊗HkV¯
)
. We can define a
partial trace operator to trace over region V¯ . Hence, the reduced density matrix in region
V is
TrV¯ ρAV AV¯ = ρAV =

p1ρA1 0 . . . 0
0 p2ρA2 . . . 0
...
...
...
0 0 . . . pmρAm
 , (2.7)
where TrρAk = 1 and TrV¯ means that we partial trace over V¯ . Then, we compute the
entanglement entropy SEE(A) ≡ −Tr
(
ρA ln ρA
)
,
− Tr(ρA ln ρA) = −∑
k
Tr
(
pkρAk ln(pkρAk)
)
= −
∑
k
pk ln pk −
∑
k
Tr
(
pkρAk ln ρAk
)
.
(2.8)
The first term is the classical Shannon entropy and the second term is the average en-
tanglement entropy. We can find that the results are larger than zero even if we have
the non-trivial centers. But if we consider continuous distributions, the classical Shannon
entropy becomes
−
∑
φ
(
f(φ)∆
)
ln(f(φ)∆) −→ − ln(∆)−
∫
dφ f(φ) ln f(φ), (2.9)
where we replace pk by f(φ)∆. Then the classical Shannon entropy depends on ∆ or a
regulator. Thus, the classical Shannon entropy will depend on regularization scheme. The
second term in the classical Shannon entropy does not guarantee positive. In continuous
distribution, we possibly find negative term in quantum field computation. The second term
in the classical Shannon entropy is called continuous entropy. If we define the entanglement
entropy after we remove the regulator or the first term in the classical Shannon entropy, it
is called continuous entanglement entropy. To avoid the regulator to appear in our compu-
tation, we consider the mutual information
(
M(A,B) ≡ SEE(A)+SEE(B)−SEE(A∪B)
)
.
Because the mutual information should have information meaning, it should increase with
degrees of freedom of algebra, and have finite value. Degrees of freedom of algebra should
increase as increasing lattice size. If the maximum degree of freedom of algebra is trivial
choice, we expect that the mutual information with the non-trivial centers (removing some
operators) should converges to the mutual information with the trivial center. This argu-
ment is only valid for a quantity with information meaning. The continuous entanglement
entropy possibly not be valid.
2.2 Properties of the Entanglement with Center
The entanglement with non-trivial centers is unclear in physical interpretation. One way
is to check their theoretical properties. We study partial trace operator and the strong
subadditivity or other inequalities with arbitrary centers. If non-trivial choices can capture
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information, we should find similar results with the trivial choice. In this section, we will
show their properties on the discrete space. The extension from discrete space to continuous
space is straightforward from replacing discrete distribution by continuous distribution.
2.2.1 Partial Trace Operator
The partial trace operator [39] is important to define the reduce density matrix from the
density matrix to extract the entanglement entropy. When we consider the entanglement
entropy with non-trivial centers, the partial trace operator should be generalized from the
case of the trivial choice.
Definition 2. The density matrix ρ is a pure state if ρ is a projection operator onto an
one-dimensional subspace. In other words, ρx = y〈y, x〉 with |y| = 1, where 〈y, x〉 is the
inner product space between x and y.
Lemma 1. Let ρ12 be a pure state density matrix on H12 isomorphic to
⊕
kH
k
1 ⊗Hk2 . Let
f(·) be a real valued function, and f(0) = 0. Then we obtain
Tr f(ρ1) = Tr f(ρ2). (2.10)
In particular, S1 = S2.
Proof. Let ρ12x = 〈y, x〉y, y =
∑
k,i λ
k
i y
k
1i ⊗ yk2i, where yk1i and yk2i are orthonormal. Let
P (ykαi)x ≡ 〈ykαi, x〉ykαi be the projection on the one-dimensional subspace of Hkα which
contains ykαi. Then ραx =
∑
i,k(λ
k
i )
2P (ykαi)x. Hence, ρ1 and ρ2 have the same eigenvalues
and multiplicities except for zero eigenvalues. Therefore, we obtain
Tr f(ρ1) = Tr f(ρ2). (2.11)
It is direct to deduce S1 = S2.
This lemma shows that the entanglement entropy with a generic center does not change
S1 = S2 when the density matrix is a pure state. The partial trace operator is an ambigu-
ous operator. All ambiguities of the entanglement entropy come from how to define this
operator. However, a strong evidence in (2.11) for the partial trace operator still has good
properties from its generalization even if we consider non-trivial centers because the form
of the relation (2.11) does not modify from arbitrary real valued functions.
Lemma 2. Let ρ1 be a reduced density matrix on
⊕
kH
k
1 . Then there exists a pure state
density matrix ρ12 on H12 isomorphic to
⊕
kH
k
1 ⊗Hk2 such that
Tr2 ρ12 = ρ1. (2.12)
The proof of the Lemma 2 is similar with the Lemma 1, and it establishes that a reduced
density matrix can exist correspondent density matrix and partial trace operator. This
mathematical property enhances that the entanglement entropy with non-trivial centers
possibly have the similar properties with the entanglement entropy of the trivial choice.
However, we will give more properties to the entanglement entropy with the non-trivial
centers to understand physical implications.
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2.2.2 Decomposition of the Hilbert Space
The decomposition of the Hilbert space is a subtle issue in the entanglement entropy. A
suitable decomposition is to offer a proper partial trace operator in a reduced density matrix
to obtain the entanglement entropy. The fist case is
H1 ⊗H2 ⊗ · · · (2.13)
and the center is
Z1 ⊗ Z2 ⊗ · · · . (2.14)
This example is more general than the trivial choice. The Hilbert space does not have any
problems to choose tensor product decomposition if you do not guarantee local symmetry on
the entangling surface. When we consider the Von-Neumann algebra to do decomposition,
the reason comes from the non-trivial centers on the entangling surface. Here, we do not
necessary need the properties of the Von-Neumann algebra to help us to decompose our
Hilbert space. The second example is to consider algebra
A′1 = A2 ∪A3, A′2 = A1 ∪A3, A′3 = A1 ∪A2 (2.15)
and the center is
A1 ∩A2 = 1, A1 ∩A3 = Z1, A2 ∩A3 = Z2. (2.16)
Then total Hilbert space has a tensor product structure as
H123 ∼
⊕
k
Hk1 ⊗Hk2 ⊗H3. (2.17)
For more difficult examples, we possibly not have this kind of complete tensor product
structure. But we can define entanglement entropy. For example, we can find center to
decompose one total Hilbert space to two separate Hilbert spaces when we consider local
quantum field theory. This is enough for us to define the entanglement entropy, but the
entanglement entropy may not be defined in the same basis.
But you may be confused why we cannot define the entanglement entropy in the same
basis if our centers commute with each other. Let us use the second example to interpret
more on this point. We can obtain an isomorphic Hilbert space H12 ⊗ H3 using Z1 and
Z2. Thus, we find a way to define the entanglement entropy in the same basis. But it is
only useful when you consider entanglement in two regions. If you want to partial trace
over regions one or two, then the center between regions one and two needs to be identity
if you consider the Von-Neumann algebra. Of course, you can argue that we can remove
some operators between regions one and two to define the reduced density matrix or the
entanglement entropy. But you do not use the same total Hilbert space to define the
entanglement. You may also argue that we can remove operators between regions one and
three, and regions two and three in the total Hilbert space first. Then you do not know how
to perform partial trace to get ρ12 because the algebra is not the Von-Neumann algebra.
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Hence, the entanglement entropy is not defined in the same Hilbert space. If your
Hilbert space is changed, then you also change your basis to detect the entanglement en-
tropy. The Von-Neumann algebra has a simple structure to decompose the Hilbert space
with non-trivia centers, but it only gives us entanglement in two regions.
Our mathematical proof in the strong subadditivity possibly suffers from this problem
so non-trivial center in the entanglement entropy do not have clear physical interpretation
now. We also remind that removing operators should change total Hilbert space and wave-
functional. But if you do not observe operators that you removed, they will give the same
observable. This is a way to extract the entanglement information from the partial trace
operator, but we need to let some states be classical states. Although we lose complete
information, we obtain entanglement information.
2.2.3 Entanglement Inequalities
We start to discuss the strong subadditivity [39, 40] and other related inequalities. These
inequalities will give more information interpretation and point out more problems to the
entanglement entropy with center. We give all necessary details [39, 40] in Appendix C.
Theorem 1.
S123 + S2 − S12 − S23 ≤ 0. (2.18)
Proof. We use the Lemma 5 with A = ρ123 and B = exp(− ln ρ2 + ln ρ12 + ln ρ23) to find
F (ρ123) = S123 + S2 − S12 − S23 ≤ Tr
(
exp(ln ρ12 − ln ρ2 + ln ρ23)− ρ123
)
, (2.19)
and apply the Theorem 7 to obtain
Tr
(
exp(lnC − lnD + lnE)
)
≤ Tr
(∫ ∞
0
dx C(D + x1)−1E(D + x1)−1
)
. (2.20)
Hence, we obtain
F (ρ123) ≤ Tr
(
− ρ123 +
∫ ∞
0
dx ρ12(ρ2 + x1)
−1ρ23(ρ2 + x1)−1
)
= −Tr ρ123 + Tr
(∫ ∞
0
dx ρ2(ρ2 + x1)
−1ρ2(ρ2 + x1)−1
)
= Tr ρ2 − Tr ρ123 = 0 (2.21)
when we use C = ρ12, D = ρ2 and E = ρ23. We used
Tr13 ρ23 = ρ2, Tr13 ρ12 = ρ2 (2.22)
in the first equality. This is a very subtle place. If we do not use the same basis to define
the entanglement entropy, we do not have the first equality. This shows that the strong
subadditivity is not valid for generic centers on entangling surface.
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If you can use the same Hilbert space or basis to define the entanglement entropy, the
strong subadditivity still holds. Unfortunately, gauge theory needs the non-trivial centers
to define the entanglement with gauge symmetry. The violation of the strong subadditivity
[30] must come from this reason because our mathematical proof only uses
Tr13 ρ23 = ρ2, Tr13 ρ12 = ρ2, Tr3 ρ123 = ρ12, Tr1 ρ123 = ρ23. (2.23)
Now we discuss positivity of the mutual information via the strong subadditivity.
Corollary 1. If ρ12 is a density matrix on H12 which is isomorphic to
⊕
kH
k
1 ⊗Hk2 , then
S12 ≤ S1 + S2. (2.24)
Proof. From the Theorem 1, we have
〈S123〉+ 〈S2〉 ≤ 〈S12〉+ 〈S23〉 (2.25)
on
(⊕
kH
k
1 ⊗Hk2
)
⊗H3. Interchanging 2 and 3 and take H3 be one dimension. Then we
obtain
〈S12〉 ≤ 〈S1〉+ 〈S2〉. (2.26)
Because the classical Shannon entropy also has this relation (Its proof is similar with the
quantum entropy.), we get
S12 ≤ S1 + S2. (2.27)
The mutual information
M(A,B) = 〈SA〉+ 〈SB〉 − 〈SAB〉+
∑
kA,kB
pkA,kB ln
(
pkA,kB
pkApkB
)
(2.28)
is still positive when we consider the total Hilbert space isomorphic to
⊕
kH
k
1 ⊗Hk2 . The
strong subadditivity is important for us to guarantee positivity for the mutual information.
If we lose the the strong subadditivity, we need to be careful about physical interpretation.
Finally, we try to rewrite the strong subadditivity as before. From the Lemma 1
(S123 = S4, S12 = S34), the strong subadditivity becomes
S4 + S2 ≤ S34 + S23. (2.29)
Then we replace 4 by 1. Hence, we can rewrite the strong subadditivity
S1 + S2 ≤ S13 + S23. (2.30)
We remind that this strong subadditivity is correct in the trivial choice. Because we use
S123 = S4, S12 = S34, we need to let center be identity in regions one, two and three. This
also gives us a restriction to the center in the region four because we replace index 4 by 1.
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3 Computation Methods in the Entanglement Entropy with Center
We will show the Hamitonian formulation and discuss global symmetry structure of a
massless p-form theory in (2p + 2)-dimensions. Based on the Hamitonian formulation,
we construct the Lagrangian method for computing the entanglement entropy with center.
Finally, we use this Lagrangian formulation to discuss decomposition of the Hilbert space
in the Einstein gravity theory.
3.1 The Hamitonian Formulation in a p-Form Theory
We show the Hamitonian method [29, 30, 41] for a p-form theory. We first discuss scalar
field theory (0-form theory). Then we extend our discussion to the abelian p-form Yang-
Mills gauge theory, and consider the canonical momentum pi and position operators qi,
i ∈ V = {1, 2, · · · , n}. When we compute the entanglement entropy with centers, we can
choose the subset of the momentum piB , iB ∈ B = {k + 1, k + 2, · · · , n}. Then the center
is qiA iA ∈ A = {1, 2, · · · , k}. We indicate the indices in A from iA to zA and the indices in
B from iB to zB. Finally, we find that a massless p-form theory has an equivalent choices
of the entanglement entropy from a global rotation symmetry in (2p+ 2)-dimensions.
3.1.1 Scalar Field Theory
We consider scalar field theory with the Hamitonian
HSF (q, p) =
1
2
(∑
i
p2i +
∑
i,j
qiMi,jqj
)
, (3.1)
where q ≡ qi, p ≡ pi and M ≡ Mij is not related to field, and is symmetric. The commu-
tation relations are
[qi, pj ] = iδij , [qi, qj ] = 0, [pi, pj ] = 0 (3.2)
and the density matrix is
ρ(q, q′) = C1 exp
[
− 1
2
(
qM
1
2 q + q′M
1
2 q′
)]
, (3.3)
where C1 is a normalization constant and q′ ≡ q′i. The expectation value is defined as
〈O(q, p)〉 =
∫
dq
∣∣∣∣O(q,−i∂q)ρ(q, q′)∣∣∣∣
q=q′
. (3.4)
Hence, two point functions are
〈qiqj〉 ≡ Xij = 1
2
M
− 1
2
ij , 〈pipj〉 ≡ Pij =
1
2
M
1
2
ij , 〈qipj〉 =
i
2
δij (3.5)
Now we let i = iA ⊕ iB and qA = q′A = q˜A, where qA ≡ qiA , q′A ≡ q′iA and q˜A ≡ q˜iA .
Because we want to partial trace over region A, and have centers in the total Hilbert space,
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we choose a particular value q˜A for qA and q′A. Therefore, the density matrix is given by
ρ(q, q′) = C2 exp
[
− 1
2
(
2q˜AM
1
2
AAq˜
A + qBM
1
2
BBq
B + 2q˜AM
1
2
ABq
B + q′BM
1
2
BBq
′B + 2q˜AM
1
2
ABq
′B
)]
= C2 exp
[
− 1
2
(
q˜A qB
)M 12AA M 12AB
M
1
2
BA M
1
2
BB
(q˜A
qB
)
− 1
2
(
q˜A q′B
)M 12AA M 12AB
M
1
2
BA M
1
2
BB
( q˜A
q′B
)]
,
(3.6)
where C2 is a normalization constant, qB ≡ qiB , q′B ≡ q′iB , MAA ≡ MiAiA , MBB ≡ MiBiB
and MAB ≡MiAiB . From(
q˜A qB
)M 12AA M 12AB
M
1
2
BA M
1
2
BB
(q˜A
qB
)
=
(
q˜A qB
)(
1 M
1
2
AB(MBB)
− 1
2
0 1
)(
1 −M
1
2
AB(MBB)
− 1
2
0 1
)M 12AA M 12AB
M
1
2
BA M
1
2
BB

·
(
1 0
−(MBB)− 12M
1
2
BA 1
)(
1 0
(MBB)
− 1
2M
1
2
BA 1
)(
q˜A
qB
)
=
(
q˜A qB + q˜AM
1
2
AB(MBB)
− 1
2
)M 12AA −M 12AB(MBB)− 12M 12BA 0
0 M
1
2
BB
( q˜A
qB + (MBB)
− 1
2M
1
2
BAq˜
A
)
(3.7)
and(
q˜A q′B
)M 12AA M 12AB
M
1
2
BA M
1
2
BB
( q˜A
q′B
)
=
(
q˜A q′B
)(
1 M
1
2
AB(MBB)
− 1
2
0 1
)(
1 −M
1
2
AB(MBB)
− 1
2
0 1
)M 12AA M 12AB
M
1
2
BA M
1
2
BB

·
(
1 0
−(MBB)− 12M
1
2
BA 1
)(
1 0
(MBB)
− 1
2M
1
2
BA 1
)(
q˜A
q′B
)
=
(
q˜A q′B + q˜AM
1
2
AB(MBB)
− 1
2
)M 12AA −M 12AB(MBB)− 12M 12BA 0
0 M
1
2
BB
( q˜A
q′B + (MBB)−
1
2M
1
2
BAq˜
A
)
,
(3.8)
we can change variables
qB → qB − (MBB)− 12 (MBA) 12 q˜A, q′B → qB − (MBB)− 12 (MBA) 12 q˜A (3.9)
to rewrite the density matrix, and define probability of the center as
P (q˜A) = det
(
piYA
)− 1
2
e−q˜
A(YA)
−1q˜A , (3.10)
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where YA ≡ YiAjA =
(
M
1
2
AA −M
1
2
AB(MBB)
− 1
2M
1
2
BA
)−1
=
(
(2P )−1
)
A
≡ ((2P )−1)
iAjA
. We
used the analytic inversion formula(
a b
c d
)−1
=
(
a−1 + a−1b(d− ca−1b)−1ca−1 −a−1b(d− ca−1b)−1
−(d− ca−1b)−1ca−1 (d− ca−1b)−1
)
=
(
(a− bd−1c)−1 −(a− bd−1c)−1bd−1
−d−1c(a− bd−1c)−1 d−1 + d−1c(a− bd−1c)−1bd−1
)
(3.11)
to relate YA to
(
(2P )−1
)
A
. Then the density matrix becomes
ρ(q, q′) = C3P (q˜A) exp
[
− 1
2
(
qBM
1
2
BBq
B + q′BM
1
2
BBq
′B
)]
. (3.12)
The continuous entanglement entropy comes from the combination of the quantum entropy
and continuous entropy as
SCEE(V ) = SQ(V ) +HCC(A). (3.13)
The continuous entropy is
HCC(A) = −
∫
dq P (qA) lnP (qA) =
1
2
Tr
(
1 + ln(piY A)
)
. (3.14)
If centers live in A ⊆ V and A+ ⊆ V +, the mutual information between two regions V and
V + is given by
M(V, V +) = S(V ) + S(V +)− S(V V +)
=
1
2
Tr
(
lnYA + lnYA+ − lnYAA+
)
+ SQ(V ) + SQ(V
+)− SQ(V V +).
(3.15)
The quantum entropy is given by
SQ(V ) = Tr
(
(C +
1
2
) ln(C +
1
2
)− (C − 1
2
) ln(C − 1
2
)
)
,
(3.16)
where C ≡ (XBPB)1/2, XB ≡ XiBjB and PB ≡ PiBjB . The explicit computation of
quantum entropy is in Appendix D. This result is interesting because it only depends on
two point functions. Although this interesting property should only exist in free theories, it
possibly gives us some hints to obtain the entanglement entropy from algebraic approach.
3.1.2 p-form Abelian Yang-Mills Gauge Theory
The computation of the entanglement entropy in the p-form abelian Yang-Mills gauge theory
is different from the scalar field theory because we need to use the non-canonical variables.
The Hamitonian of the p-form abelian Yang-Mills gauge theory is
HPAYM =
1
2p!
(
F0i1,i2,··· ,ipF0i1,i2,··· ,ip +
1
p+ 1
Fi1,i2,··· ,ip+1Fi1,i2,··· ,ip+1
)
. (3.17)
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We can use the multiple indices to write a convenient form as
HPAYM (q, p) =
1
2
(
p2IS + qI′SqI
′
S
)
, (3.18)
where IS ≡ (i1, i2, · · · , ip) and I ′S ≡ (i′1, i′2, · · · , i′p+1) with i1 > i2 > · · · > ip and i′1 > i′2 >
· · · > i′p+1. The commutation relations are given by
[q, p] = iC, [q, q] = 0, [p, p] = 0. (3.19)
We will discuss C later. We introduce the canonical variables (qc and p) from
qc = C−1q. (3.20)
Because we do not always have equal degrees of freedom between momentum and coordinate
operators, we only have right inverse for C generically as
CC−1 = 1. (3.21)
The Hamitonian becomes
HPAYM (q
c, p) =
1
2
(
p2 + qcMcq
c
)
, (3.22)
where Mc = CTC. Two point correlation functions are given by
〈pp〉 = 1
2
(CTC)
1
2 ≡ P c, 〈qcqc〉 = 1
2
(CTC)−
1
2 ≡ Xc, 〈qcp〉 = i
2
1. (3.23)
This also gives
〈pp〉 = 1
2
(CTC)
1
2 = P c, 〈qq〉 = 1
2
(CCT )
1
2 ≡ X, 〈qp〉 = i
2
C. (3.24)
The quantum entropy is
SQ(V ) = Tr
(
(θc +
1
2
) ln(θc +
1
2
)− (θc − 1
2
) ln(θc − 1
2
)
)
, (3.25)
where θc = (XcBP
c
B)
1/2, XcB ≡ XcISBJSB and P cB ≡ P cISBJSB . The computation of the
quantum entropy is the same as in the free scalar field theory so we get the similar form of
quantum entropy with the free scalar field theory. The continuous entropy is given by
HCC(A) =
1
2
Tr
(
1 + ln(piYA)
)
, (3.26)
where YA ≡ YISAJAS =
(
(2P c)−1
)
A
. The commutation relation related to C of p-form
abelian Yang-Mills gauge theory in D-dimensions (D > p+ 1) is given by
[AJS (x), F0KS (x
′)] =
i
p!
ηJSKSδ
D−1(x− x′), (3.27)
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where
ηISJS =
∑
pi
sgn(pi)ηipi1j1ηipi2j2 · · · ηipipjp , (3.28)
where pi is a permutation operation. In (2p+ 2)-dimensions, we have
[BIS (x), F0JS (x
′)] = iISkJS∂
kδ2p+1(x− x′), (3.29)
where BIS =
1
(p+1)!ISJSkF
JSk is magnetic field. The Hamitonian of the abelian Yang-Mills
gauge theory of q can be replaced by magnetic field in (2p+2) dimensions. After we use the
magnetic field to represent the Hamitonian, we get a correspond CISJS = ISkJS∂
kδ2p+1(x−
x′). In the case of 1-form, C is determined by
[Fii′(x), F0j(x
′)] = i
(
δij∂i′δ
D−1(x− x′)− δi′j∂iδD−1(x− x′)
)
= iCii′j . (3.30)
We also find one interesting result in (2p + 2)-dimensions. The electric choice (removing
magnetic field) is equivalent to the magnetic choice (removing electric field). Our results are
the continuous entanglement entropy with the center q. When considering the center p, we
just exchange X and P c in the continuous entropy. We find X = P c in (2p+2)-dimensions.
This result is expected because we have electric-magnetic duality in (2p + 2)-dimensions.
Therefore, we can conclude the equivalent entanglement entropy can be chosen via
E˜ = E cos θ +B sin θ, B˜ = E cos θ −B sin θ, (3.31)
where E and B are electric and magnetic fields. We use the Hamitonian
HSF2(q, p) =
1
2
(
p2 + ∂1q∂1q
)
(3.32)
for massless scalar field theory in two dimensions. The commutation relations are given by
[p(x), ∂1q(y)] = −i∂1δ(x− y), [∂1q(x), ∂1q(y)] = 0, [p(x), p(y)] = 0. (3.33)
From the commutation relations, we also find equivalent entanglement entropy via
p˜→ p cos θ + ∂1q sin θ, ∂1q˜ → p cos θ − ∂1q sin θ. (3.34)
The global symmetry structure in center possibly helps us to find the entanglement entropy
with local symmetry to classify centers even if we consider non-trivial centers. In the
ZN lattice gauge theory, [42] finds a different duality to relate some choices in different
dimensions.
3.2 The Lagrangian Formulation
We propose the Lagrangian method to consider the entanglement entropy with center based
on the Hamitonian formulation, and give standard computation methods in the Lagrangian
formulation.
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3.2.1 Lagrangian
The computation of the entanglement entropy in the Lagrangian method is not hard to de-
rive from the Hamitonian formulation. The Hamitonian method is a direct way to compute
the entanglement entropy if you have a ground state wavefunctional, and it is easier to un-
derstand ambiguities of the entanglement entropy. But the computation related to partial
trace operator is hard to get an exact solution of the entanglement entropy. The Lagrangian
formulation avoids defining the partial trace operator to compute the entanglement entropy.
We start from the path integral representation of ground state wavefunctional
Ψ(φ0(x)) =
∫ φ(tE=0,x)=φ0(x)
φ(tE=−∞)
Dφ e−S(φ), (3.35)
where tE is the Euclidean time, x is the Euclidean space and S is action. Thus, a density
matrix is given by
(ρV )φ+φ− = Ψ(φ−)Ψ
∗(φ+)
= (Z1)
−1
∫ tE=∞
tE=−∞
Dφ e−S(φ) Πx∈V δ
(
φ(0+, x)− φ+(x)
)
δ
(
φ(0−, x)− φ−(x)
)
,
(3.36)
where a choosing of Z1 is to let TrρV = 1. Our decomposition of space is V = A+ B and
B = C ∪D, where region A is entangling surface and region B is bulk region. We want to
get a reduced density matrix in region C. Now we remove some operators in region A to let
center live in region A to discuss center issue in the Lagrangian formulation. To obtain a
reduced density matrix with a center, we let φ+ = φA+ ⊕ φB+ and φ− = φA− ⊕ φB−, where we
denote A be entangling surface and denote B be bulk region. Then we set φ+ = φ− in the
A region (due to center in region A) and D region (due to integrating out the field in region
D). The center effects appear in the entangling surface (A region) so it is equivalent to
setting a boundary condition. We can explicitly work this procedure in free theory. Now we
decompose our fields into classical part and quantum part. The center comes from classical
state because [φ, φ] = 0. This implies that we do not have quantum fluctuation on the
entangling surface. The quantum part vanishes on the entangling surface so we only have
quantum fluctuation on the bulk. If we decompose our fields arbitrary, we possibly have
singularity in path integral. In order to avoid this problem, we choose classical background
and do quantum fluctuation around classical background. The classical background leads
on-shell action vanishes on the bulk in free theory when we do partial integration by part.
We only have boundary on-shell action in free theory [43, 44]. The boundary field also
decouples from the bulk field on the bulk. Finally, we sum over all classical configuration
and quantum fluctuation, then we get a reduced density matrix. In interaction theory, the
boundary field will couple to bulk field and the on-shell action may not vanish on the bulk.
This is also consistent with the Hamitonian formulation [29]. The boundary term should
correspond to classical Shannon entropy from our analysis. It is useful to check whether
the decomposition is the tensor product decomposition in the Hilbert space from classical
solutions on the boundary.
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3.2.2 Replica Trick and Conical Method
To compute the entanglement entropy, we use the replica trick and conical method to know
the relation between the entanglement entropy and partition function. The entanglement
entropy in the replica trick can be rewritten as
SA = lim
n→1
Tr(ρnA)− 1
1− n = −
∂
∂n
TrρnA
∣∣∣∣
n=1
. (3.37)
To compute TrρnA, we do n copies
(ρA)φ1+φ1−(ρA)φ2+φ2− · · · (ρA)φn+φn− (3.38)
with φi− = φ(i+1)+. Then path integral representation for TrρnA on n-sheet space is
TrρnA = (Z1)
−n
∫
Dφ e−S(φ). (3.39)
The entanglement entropy in the conical method is given by
SA =
(
1− β ∂
∂β
)
lnZ(β)
∣∣∣∣
β=2pi
(3.40)
with β = 2pin and Z(β) = Z(2pin) = Z(2pi)nTrρnA. Now we show that the conical method
can also give the entanglement entropy as(
1− β ∂
∂β
)
lnZ(β)
∣∣∣∣
β=2pi
=
(
1− n ∂
∂n
)
lnZ(2pin)
∣∣∣∣
n=1
= ln
(
Z(2pi)
)
− n ln
(
Z(2pi)
)
− 1
Trρn
∂
∂n
Trρn
∣∣∣∣
n=1
= −Tr
(
ρ ln ρ
)
. (3.41)
The replica trick and conical method are equivalent. The entanglement entropy for the
one-form abelian Yang-Mills gauge theory is computed by using the conical method in
[43, 44].
3.3 The Einstein Gravity Theory
We discuss the entanglement entropy in the Einstein gravity theory and discuss the holo-
graphic entanglement entropy.
3.3.1 Entanglement Entropy in the Einstein Gravity Theory
The entanglement entropy in gauge theories suffers from gauge symmetry is hard to define
the entanglement entropy in the trivial choice and continuum limit. The Einstein gravity
theory also has diffemorphism so we possibly face the similar situation. Due to the Einstein
gravity theory is gauge invariant by performing partial integration by part, the entangle-
ment entropy in the Einstein gravity theory should be more subtle than gauge theory. We
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use the saddle point approximation to compute the entanglement entropy. The cosmolog-
ical constant term will contribute the bulk on-shell action. We also ignore all quantum
fluctuation. The details of the entanglement entropy for the Einstein gravity theory is
given in Appendix E [34, 45, 46]. From Appendix E, we use the saddle point approximation
to obtain the entanglement entropy Aq−2/(4G) which only comes from entangling surface
[34, 45, 46], where Aq−2 is codimension two surface. This means that the entanglement
entropy is not a trivial choice and the leading order computation gives codimension two
surface term. This result is expected because gravity theory can be constructed from gauge
formulation. Gravity theory has many similar properties with gauge theory so gravity the-
ory should have the same problem in the entanglement entropy of the trivial choice on
continuous space. This motivates us to study more about the entanglement entropy with
the non-trivial centers. Otherwise, the entanglement entropy in gravity theory is hard to
define.
3.3.2 Comments in the Holographic Entanglement Entropy
We discuss application of the holograph principle in the entanglement entropy. The holo-
graph principle is motivated from string theory or AdS5/CFT4 in some limits [31]. The
computation related to AdS5 metric is given by Appendix F. When we take N → ∞ and
gsN  1, where N is rank of the gauge group and gs is string coupling constant, the metric
will approach to flat metric. Hence, we can apply our previous result (the entanglement en-
tropy in the Einstein gravity theory) to AdS5. The belief of the AdS/CFT correspondence
comes from the string interpretation. In low-energy effective theory, we can take limit to
see some clues for AdS5/CFT4 from the multiple D3-branes solution [31]. Now we discuss
the limit [31] for the entanglement entropy. We take limit as
r → 0, ls → 0, N →∞, gs → 0, gsN  1 (3.42)
with l2s/r and gsN fixed, where r is distance that parallel D3-branes separated, ls is string
length. When we take r → 0 and ls → 0 with l2s/r fixed, we can obtain AdS5 metric from
multiple D3-branes solutions [31]. Finally we want to make our gravity theory and gauge
theory can be computed in a suitable limit so we take N →∞, gs → 0 and gsN  1 with
fixed gsN . These conditions are compatible with our computation of the entanglement
entropy. We can study the holograph principle and obtain codimension two surface. The
holograph principle is useful in the application of knowing behavior of strongly coupled
gauge theory. Our computation of the entanglement entropy in leading order of the Einstein
gravity is proportional to the codimension two surface. We can also do perturbation analysis
with periodic fields to relate the codimension two surface to minimum surface [34, 45]. Our
analysis should define the reduced density matrix in the holographic entanglement entropy.
4 Strong Coupling Expansion of the SU(N) Lattice Gauge Theory
We use the Haimitonian formulation to compute the entanglement entropy of the SU(N)
Yang-Mills gauge theory in the fundamental representation on lattice in strong coupling
limit. The strong coupling limit is hard to compute from field techniques. On lattice, we use
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the strong coupling expansion to compute. Due to difficulties of defining the entanglement
entropy, we extend the Hilbert space to obtain the gauge invariant entanglement entropy.
This extended space of the entanglement entropy is the electric choice of the entanglement
entropy. We introduce lattice Hamitonian formulation of the SU(N) Yang-Mills gauge
theory in the fundamental representation in Appendix G, and review the extended lattice
model in Appendix H.
4.1 Equivalence between the Electric Choice and the Extended Lattice Model
The extended lattice [35, 47] is a useful way to compute the entanglement entropy in the
lattice gauge theory. The main idea is to add more degrees of freedom on the entangling
surface to define a gauge invariant entanglement entropy. A nature question should arise:
What choice for the entanglement entropy in the extend Hilbert space? Now we show that
the extend lattice model can give us an electric choice of the entanglement entropy in the
lattice gauge theory with finite lattice spacing. We first prove that expectation values of
all original operators do not change. The operators in the interior V i do not change from
(H.1). For the operators on the entangling surface, this follows from
〈Lˆl∂Vg 〉 =
∫
(Πl∈L′dUl)ψ′(Ul1 , · · · , Ul∂V , Ul∂V¯ , · · · , Uln)∗ Lˆl∂Vg ψ′(Ul1 , · · · , Ul∂V , Ul∂V¯ , · · · , Uln)
=
∫
(Πl∈L′dUl)ψ′(Ul1 , · · · , Ul∂V , Ul∂V¯ , · · · , Uln)∗ψ′(Ul1 , · · · , gUl∂V , Ul∂V¯ , · · · , Uln)
=
∫
(Πl∈L′dUl)ψ(Ul1 , · · · , Ul∂V Ul∂V¯ , · · · , Uln)∗ψ(Ul1 , · · · , gUl∂V Ul∂V¯ , · · · , Uln)
=
∫
(Πl∈LdUl)ψ(Ul1 , · · · ., Ul∂ , · · · , Uln)∗Lˆl∂g ψ(Ul1 , · · · , Ul∂ , · · · , Uln) , (4.1)
where we used
(Lˆlgψ)[U1, · · · , Un] = ψ[U1, · · · , gUl, · · · , Un] , Lˆlg ≡ exp
(
iωblE
b
l
)
, g ≡ exp (iωal T al ).
(4.2)
Finally, we show that a reduced density matrix is given by
ρV [UV i , U∂V , U
′
V i , U
′
∂V ] =
∫
(ΠlV¯ ∈LV¯ dUlV¯ )ψ[UV i , UV¯ i , U∂V U∂V¯ ]ψ
∗[U ′V i , UV¯ i , U
′
∂V U∂V¯ ] ,
(4.3)
which commutes with the link operator Lˆ∂Vg on entangling surface. The proof is given by
Lˆl∂Vg ρV [UV i , U∂V , U
′
V i , U
′
∂V ] =
∫
(Πl∈LV¯ dUl)ψ[UV i , UV¯ i , gU∂V U∂V¯ ]ψ
∗[U ′V i , UV¯ i , U
′
∂V U∂V¯ ]
=
∫
(Πl∈LV¯ dUl)ψ[UV i , UV¯ i , U∂V U∂V¯ ]ψ
∗[U ′V i , UV¯ i , g
−1U ′∂V U∂V¯ ]
= ρV [UV i , U∂V , U
′
V i , U
′
∂V ]Lˆ
l∂V
g .
(4.4)
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All local operators in the extended lattice model [35, 47] does not change from extending the
Hilbert space, and the reduced density matrix of the extended lattice model commutes with
the link operator on entangling surface. This establishes the equivalence of the entanglement
entropy between the extended lattice model [35, 47] and the electric choice. When we take
continuum limit, the result should give the electric choice of the entanglement entropy
without enlarging the Hilbert space.
4.2 Strong Coupling Expansion
The Hamiltonian for the SU(N) Yang-Mills gauge theory in the fundamental representation
on a lattice of spacetime dimensions D > 2 is given by
HLYMF =
g2
2
∑
l
Eal E
a
l −
1
g2
∑

(
TrU + TrU
†

)
. (4.5)
We denote the Lie algebra indices as a− h.
It is more convenient to work with a dimensionless quantity
WLYMF =
2
g2
HLYMF = WE + c λWB , (4.6)
where
WE =
∑
l
Eal E
a
l , WB =
∑

(
TrU + TrU
†

)
, c λ = − 2
g4
. (4.7)
In strong coupling limit g  1 and λ→ 0, ground state can be calculated by treating WB
as a perturbation with unperturbed eigenstates of WE .
The ground state of W can now be calculated using standard perturbation theory. To
the second order, this is given by
|Ω〉 =
(
1− 1
2
λ2N
)
|0〉+ λ
∑

|〉+ · · ·+O(λ3) , (4.8)
where we used that the unperturbed single-loop eigenstate energy is
E
(0)
 = 〈|WE |〉 = 4C2(N)〈|〉 , (4.9)
with C2(N) = N
2−1
2N is the quadratic Casimir of SU(N) in the fundamental representation.
We also set c = −2C2(N) for simplification and used the commutation relations between
the electric field and the plaquette field, which is given by
[Eal , Ul′ ] = δll′T
aUl , [E
a
l , U
†
l′ ] = −δll′T aU †l , (4.10)
for the unperturbed single-loop eigenstate energy. In the expression for |Ω〉 above, N is
the total number of plaquettes on the lattice. Although · · · in the |Ω〉 is at order of λ2,
they will be irrelevant in the entanglement entropy calculations below. The ground state
at the zeroth order is the state where electric field vanishes
Eal E
a
l |0〉 = 0 (4.11)
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for each link l, and a operation of TrU acting on the ground state is to excite a loop of
single flux with positive orientation (negative orientation if TrU †)
TrU|0〉 = |〉 . (4.12)
The entanglement entropy in the extended lattice model is given by [35]
S(ρA) = HC(p(R∂)) +
∑
l∈L∂A
〈ln dim(rl)〉+ 〈S(ρA(R∂))〉 , (4.13)
where p(R∂) is the probability distribution of irreducible representations on the boundary,
where R∂ = {rl : l ∈ L∂} (L∂ = L∂A ∪ L∂B) is the set of oriented links crossing the
boundary, and ρA(R∂) is the reduced density matrix associated with R∂ .
At O(λ2), only the trivial state and the single-plaquette states will contribute to p(R∂).
Let nA be the number of boundary links in region A. The number of single-plaquettes
intersecting the boundary is
N(∂) = nA(D − 2) (4.14)
since there are (D − 2) degrees of freedom of plaquette that we can take. Then there are
N(∂) different possible sets of (nontrivial) R∂ with probability λ2, and the probability of
no intersection with the boundary (trivial R∂) is 1 − N(R∂)λ2. The classical Shannon
entropy is thus
HC(p(R∂)) = −N(∂)(λ2 lnλ2)− (1−N(R∂)λ2) ln(1−N(R∂)λ2)
= nA(D − 2)λ2(− lnλ2 + 1) +O(λ3) . (4.15)
Next, each single-plaquette loop intersects the boundary in two links in the SU(N) funda-
mental representationN , the second term in (4.13) is 2nA(D−2)λ2 lnN . Lastly, to calculate
〈S(ρA(R∂))〉 up to the order of O(λ2), ρA(R∂) is composed of pure states, since only the
trivial and the single-plaquette states contribute at this order. In the single-plaquette case,
only ρA(R∂) = λ2|〉〈| is possible, which is a pure state. We also find a pure state when
considering the trivial state case. Thus, 〈S(ρA(R∂))〉 = 0, and the entanglement entropy
[48] is
SEE = nA(D − 2)λ2(− lnλ2 + 1 + 2 lnN) +O(λ3) . (4.16)
The strong coupling expansion of the entanglement entropy in the Lagrangian formulation
is discussed in [49].
Now if the theory is a U(1) theory, the entanglement entropy would just be the classical
Shannon term, since the abelian gauge theory has only one-dimensional representations so
the second term in (4.13) vanishes.
Our computation shows that the most important contribution is lnλ2 in the classical
Shannon term. The classical Shannon term comes from the center or ambiguity. This result
reflects that the choice of the ambiguity becomes important in strong coupling limit. But
the choice of center should come from the entangling surface. The degrees of freedom on the
bulk is larger than the degrees of freedom on the entangling surface. Even for the strong
coupling limit, the reason that a choice of ambiguity becomes dominant is still unclear.
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This term is similar with codimensional two surface term in gravity theory. They can be
gotten from the saddle point approximation. But we expect that this term will be canceled
in the mutual information on continuous space.
When considering the large N limit, lnN will be compatible with the classical Shannon
term due to λ ∼ 1N . In infinity strong coupling limit, the entanglement entropy will
vanish. In strong coupling region, we expect color confinement. The color confinement
phenomenology gives singlet state so the entanglement entropy will vanish. Our result
gives a consistent result with the color confinement.
The entanglement entropy of gauge theory is also computable from the Monte-Carlo
simulation [50–52]. Our results shows that the entanglement entropy is proportional to
spatial area terms, which are also confirmed from the lattice simulation.
The above conclusions and observations are based on the strong coupling expansion.
But we remind that the strong coupling limit has a drawback in the continuum limit.
Our conclusion may not give a correct understanding in the strong coupling region. This
situation is similar with the confinement of the QCD. We also use the strong coupling
expansion to obtain the confinement. Although we possibly lose continuum limit in the
strong coupling limit, we still believe that the strong coupling expansion gives us some
reliable properties. However, some results of the entanglement entropy are still puzzle.
We need to use other ways or toy models to get consistent understanding with the strong
coupling expansion. We leave these interesting studies to future.
5 Conclusion
We discuss the entanglement entropy with center from various ways. The entanglement in-
formation in quantum field theory can be understood from algebra. The algebraic approach
is generic and rigorous. In local quantum field theory, the Von-Neumann algebra does not
lose generality with complete discussion on properties of the entanglement information. The
important properties of the entanglement information come from the partial trace opera-
tors, and strong subadditivity or other inequalities with information meaning. In non-trivial
choice, these studies are not clearly understood. We use a mathematical point of view to
discuss these properties. In our analysis, the strong subadditivity may not be satisfied from
generic centers. In our discussion, we can understand how to choose the decomposition of
the Hilbert space to get the strong subadditivity. In these cases, the partial trace operator
will also give the entanglement entropy which contains information. We use the Hamito-
nian formulation to compute the entanglement entropy to study global symmetry between
different centers. We find duality structure to show continuous entanglement entropy in
some theories. It is interesting to use this method to find duality structure in centers or find
possibility to classify entanglement entropy. The Hamitonian approach is useful to study
properties of the entanglement entropy, but it is hard to get exact solutions. We propose
the Lagrangian formulation from the Hamitonian formulation. The Lagrangian formulation
is useful due to that we do not need to worry how to define the partial trace operator dur-
ing computation of the entanglement entropy. We also use the Lagrangian formulation to
discuss decomposition of the Hilbert space in the Einstein gravity theory. Our results show
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that codimension two surface term comes from a non-trivial choice, and the surface term
is also the leading order result. This reflects that gravity theory is also hard to define the
entanglement entropy in the trivial choice with gauge symmetry as in gauge theory. The
reason is due to that the gauge invariant gravity theory also relies on boundary conditions.
This result is not surprising from the similarity between gauge and gravity theories. This
example also sheds light on center issues for the decomposition of the Hilbert space in the
holographic entanglement entropy, and validity of the holograph principle in the entangle-
ment entropy. When considering the gauge theory, gauge symmetry will be broken if you
naively choose an entangling surface. In the case of gravity theory, gauge invariance relies
on the boundary condition so we also suffer from the same problem as in the gauge theory.
Because the gravity theory can be rewritten from the gauge formulation, this is expected.
Two major theories in high energy theory do not have a suitable definition for the entangle-
ment entropy in the trivial choice, then we should have motivation to consider non-trivial
centers in the entanglement entropy. Finally, we consider the extended lattice model to
compute the entanglement entropy in the SU(N) lattice Yang-Mills gauge theory in the
fundamental representation. The motivation is the behavior of the entanglement entropy
in the strong coupling region. The computation in strong coupling region is hard to per-
form, but it is easier to compute from the strong coupling expansion in the lattice method.
The strong coupling expansion is not a fully self-contained way because the lattice gauge
theory possibly not have continuum limit in strong coupling limit. The confinement issue
also has the same problem, and we believe that the strong coupling expansion should give
some phenomenological understanding. The strong coupling expansion possibly still gives
reliable behaviors in the entanglement entropy. However, we need to offer more consistent
understanding for our puzzles of the lattice gauge theory in strong coupling region.
The entanglement entropy with center is defined on choosing a suitable basis. The
entanglement entropy in different regions may not be detected from same basis. The proof of
the strong subadditivity suffers from this problem. We point out this issue in our paper and
think that this problem may be a key issue in physical interpretation of the entanglement
entropy. The modification of the strong subadditivity [30] or the partial trace operator to
define the entanglement entropy may be a way to solve this problem.
When considering centers in the entanglement entropy, we need to remove some oper-
ators from an entangling surface. We interpret that different choices of centers come from
different observations (or different partial trace operators) in the entanglement entropy. It
is nature to know that different centers have their respective entanglement information. But
the entanglement information with non-trivial centers is expected to be the same as the
entanglement information with the trivial center. Let us point out two problems related to
the classical Shannon entropy. The entanglement entropy with the non-trivial centers is the
combination of the quantum entropy and classical Shannon entropy. The classical Shannon
entropy comes from a probability distribution of centers. Hence, we can interpret that this
term gives us an additional classical entanglement information on an entangling surface. We
already found universal contributions from the classical Shannon entropy [53–55]. But we
have two types classical Shannon entropy. The first type of the classical Shannon entropy
comes from quantum entropy, which is still tensor product decomposition. The second type
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of the classical Shannon entropy comes from non-tensor product decomposition. Although
they have a same form as the classical Shannon entropy, but their meaning should be dif-
ferent. The entanglement information with centers is not totally clear now. Hence, we need
to understand more about universal contributions from the classical Shannon entropy. The
Lagrangian formulation should be a useful tool to understand more. The second problem is
how to observe universal term in the classical Shannon entropy or on the entangling surface.
The mutual information possibly counts the bulk degrees of freedom without concerning
the degrees of freedom on the entangling surface. How to find a combination of the entan-
glement entropy to find the entanglement information related to entangling surface is an
interesting direction.
The entanglement entropy in the Chern-Simons, supersymmetric or other gauge theo-
ries are already computed by the replica trick. Their results are gauge invariant. But one
problem is whether the gauge invariance can guarantee what we compute is the entangle-
ment entropy. This issue does not have serious computation to check or what decomposition
of the Hilbert space corresponds to. We leave this interesting work to future.
Many properties of the entanglement entropy can be determined from algebra without
explicit computing. Some interesting problems related to quantum gravity are what the
Hilbert space can give the ultraviolet complete quantum gravity. The ultraviolet complete
quantum gravity should not suffer any problems from centers, then the non-commutative
geometry is a candidate because the non-commutative structures can avoid center ambigu-
ities when we decompose the Hilbert space. The other approach is to define our quantum
gravity on the discrete space. Then the entanglement entropy will not suffer from the prob-
lem of regulators. But this approach is hard to find theoretical evidences in low-energy
regions. Some interesting applications are reading strong coupling information from the
entanglement entropy. In strong coupling region, we have mysterious phase structure. The
entanglement entropy does not vanish at zero temperature so it may be a useful order pa-
rameter to classify the phase structure. Before we work on this problem in QCD, the idea
of the classification can be tested from some simple toy models.
The entanglement entropy is hard to compute in field theory so the holograph method
for the first understanding is necessary. Our paper should shed the light on understand-
ing validity of the holograph method on entangling surface or relating the center to the
holographic entanglement entropy or conformal field theory from the decomposition of the
Hilbert space. The other interesting direction should be the algebraic approach. The com-
putation of the entanglement entropy is related to partition function, and can be determined
from the simple two-point functions in free theory [41]. Two-point functions in free theory
may give us a hint or first step to understand how to construct the entanglement entropy
from an algebraic point of view. Algebraic structure of the entanglement entropy possi-
bly gives us more rigorous quantum properties without constructing the Lagrangian and
Hamitonian densities.
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A Information
Information is an abstract concept, but we expect that this quantity measure number of
states precisely. A suitable definition of information should be unique under conditions or
constraints. Let us show how to define information uniquely. We use how surprise to define
information. Now we use four axioms to define information as
Axiom1. Sur(1) = 0.
Sur(p) is a function of probability p, and this function defines how surprise that we
received from one event. If the probability of one event occurs equals one, we should
not surprise. This is the reason for the first axiom.
Axiom2. If p < q, Sur(p) > Sur(q).
More probability on a event should decrease your surprise. This is why we have the
second axiom.
Axiom3. Sur(p) is a continuous function of p.
We believe that information that received should be continuous.
Axiom4. Sur(pq) = Sur(p) + Sur(q).
If two variables are independent, information has the additive property.
Theorem 2. If Sur(p) satisfies from Axiom1. to Axiom4., then Sur(p) = −C log2 p,
where C is an arbitrary positive integer.
Proof. We first use Axiom4. to obtain
Sur(p2) = Sur(p) + Sur(p) = 2Sur(p), (A.1)
then we do induction to get
Sur(pm) = mSur(p). (A.2)
For all integers n, Sur(p) = Sur(p
1
n · · · p 1n ) = nSur(p 1n ). Hence, we have
Sur(p
1
n ) =
1
n
Sur(p). (A.3)
This is easier to do generalization to get
Sur(p
m
n ) = mSur(p
1
n ) =
m
n
Sur(p). (A.4)
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This is equivalent to
Sur(px) = xSur(p), (A.5)
where x is a positive rational number. Due to the continuity condition in (Axiom3.), x
can be extended to non-negative regions. Let x = − log2 p for 0 < p ≤ 1, then
Sur(p) = Sur(2−x) = xSur(
1
2
) = −C log2 p, (A.6)
where C = Sur(12) > Sur(1) = 0.
This theorem shows a unique form to define information from how surprise. A quantity
related to information is defined by expectation value of − log2 p, where p is probability.
Due to that the quantum entropy has SQ(ρ) = SQ(U †ρU), where U †U = 1, we will find that
a similar form between the classical Shannon entropy and quantum entropy so the quantum
entropy is a natural generalization from the classical Shannon entropy. The entanglement
entropy with the non-trivial center is the combination of quantum entropy and classical
Shannon entropy. The classical Shannon entropy is a unique expression, and the quantum
entropy is generalized from the classical Shannon entropy with a compact form. We possibly
not have other choices to define the entanglement entropy with gauge symmetry.
B Review of the Von-Neumann Algebra
In local quantum field theory, discussion of the Von-Neumann algebra in the Hilbert space
are complete without losing generality. This also leads us to consider the generic cases of
the entanglement entropy [29]. We review useful theorems [38] in the Von-Neumann algebra
that we will use in the entanglement entropy.
B.1 Definition of the Von-Neumann Algebra
We denote H as a complex Hilbert space, and L(H) as continuous linear operators from
H to H. The commutant of M is M ′. This means that all elements of L(H) which
commute with all elements of M . The bicommutant is defined as (M ′)′ = M ′′. From the
bicommutant, it is obvious to get M ⊆ M ′′. If M ⊆ N , it also implies M ′ ⊇ N ′ and
M ′′ ⊆ N ′′. It is easy to deduce M ′ ⊇ (M ′′)′ = M ′′′, and M ′ ⊆ (M ′)′′ = M ′′′ (We replace
M by M ′.) . We can find a general result as
M ′ = M ′′′ = · · · = M (2n′−1) = · · · , M ⊆M ′′ = M (4) = · · · = M (2n′) = · · · ,
(B.1)
where 2n′ − 1 factor in M (2n′−1) means numbers of prime, and we also denote numbers of
prime as from n′ to z′, ranging from one to infinity. In L(H), we have an adjoint operation.
If S ∈ L(H), we will denote the adjoint of S as S†. Hence, we have
(S + T )† = S† + T †, (λS)† = λ∗S†, (ST )† = T †S†, S†† = S, (B.2)
where λ is a complex number, and λ∗ is complex conjugate of λ. L(H) can be a *-algebra
(or involutive algebra). Each algebra in L(H) is stable under the adjoint operation.
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Definition 3. The Von-Neumann algebra is a *-subalgebra A in L(H) which satisfies A =
A′′ in H.
The algebra L(H) is the Von-Neumann algebra which always contains scalar operator.
The collection of the scalar operator are denoted as CH .
Let M be an adjoint stable subset of L(H). The set M ′ and M ′′ are the Von-Neumann
algebras. If A is the Von-Neumann algebra with M ⊆ A, we should have M ′′ ⊆ A′′ = A.
Therefore, M ′′ is the smallest Von-Neumann algebra which contains M . If M is any subset
of L(H), and N = M ∪ M † (M † is an image of M under the adjoint operation.) The
Von-Neumann algebra containingM are those containing N . Thus, N ′′ is the smallest Von-
Neumann algebra which containsM , and N ′′ is called the Von-Neumann algebra generated
by M . We also denote the closed linear subspace of H generated by Tx (T ∈ A, x ∈ M)
as XAM .
Definition 4. A factor is the Von-Neumann algebra whose center only contains scalar
operator.
Definition 5. The Von-Neumann algebra A is said to be σ-finite if every family of non-
zero pairwise orthogonal projections of A is countable. In a separable Hilbert sapce, every
Von-Neumann algebra is σ-finite.
Definition 6. The Borel space is a set endowed with a set B of subsets of E which has
following properties: If B is closed under countable unions and taking of complements (and
under countable intersections), elements in B are called the Borel sets of E.
Definition 7. For each ξ ∈ z, where z is a Borel space, let A(ξ) be the Von-Neumann
algebra in H(ξ). The mapping ξ → A(ξ) is called a field of the Von-Neumann algebra over
z.
Definition 8. A field of the Von-Neumann algebra ξ → A(ξ) over z is said to be measurable
if there are sequences ξ → T1(ξ), ξ → T2(ξ), · · · of measurable fields of operators almost
everywhere. A(ξ) is the Von-Neumann algebra generated by T1(ξ), T2(ξ), · · · .
Definition 9. The Von-Neumann algebra A in H is called decomposable if it is defined by
a measurable field ξ → A(ξ) of the Von-Neumann algebras. We write
A =
∫ ⊕
A(ξ) dν(ξ). (B.3)
If all A(ξ) are scalar operators, the Von-Neumann algebra is called diagonalizable.
B.2 Topology in the Von-Neumann Algebra
We will define topology that we will use in the Von-Neumann algebra. These topologies
are essential to show useful theorems in the Von-Neumann algebra.
Let x ∈ H. The map T → ||Tx|| is a seminorm (||v|| = 0 is equivalent to v = 0) in
L(H). A collection of all these seminorms determines the Hausdorff locally convex topology
in L(H) called topology of strong pointwise convergence or strong topology.
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Let x, y ∈ H. Function T → |〈Tx, y〉|, where 〈A,B〉 is inner product space between A
and B, is a seminorm in L(H). A collection of all these seminorms defines the Hausdorff
locally convex topology in L(H) called topology of weak pointwise convergence or weak
topology.
Let (x1, x2, · · · ) be a sequence of elements in H with ||x1||2 + ||x2||2 + · · · < ∞. For
each T ∈ L(H), we have
||Tx1 + Tx2 + · · · ||2 ≤ ||T ||2
(
||x1||2 + ||x2||2 + · · ·
)
< ∞ (B.4)
and function T →
(
||Tx1||2 + ||Tx2||2 + · · ·
)1/2
is a seminorm in L(H). A collection of all
these seminorms defines the Hausdorff locally convex topology in L(H) called ultra-strong
topology.
Let (x1, x2, · · · ), (y1, y2, · · · ) be two sequences of elements in H with
||x1||2 + ||x2||2 + · · · < ∞, ||y1||2 + ||y2||2 + · · · < ∞. (B.5)
For each T ∈ L(H), we have
|〈Tx1, y1〉| ≤ ||Tx1|| ||y1||+ ||Tx2|| ||y2||+ · · · ≤ ||T ||
(
||x1|| ||y1||+ ||x2|| ||y2||+ · · ·
)
≤ ||T ||
(
||x1||2 + ||x2||2 + · · ·
) 1
2
(
||y1||2 + |y2||2 + · · ·
) 1
2
< ∞ (B.6)
and function T → |〈Tx1, y1〉+ 〈Tx2, y2〉+ · · · | is a seminorm in L(H). A collection of all
these seminorms defines the Hausdorff locally convex topology in L(H) called ultra-weak
topology.
B.3 The Borel Spaces and Measure
Let z be the Borel space, and a set B of Borel sets of z. A subset of z is said to be ν-
negligible if it is contained in a set Y ∈ B such that ν(Y ) = 0. A subset of z is said to be
ν-measurable if it is the form X∪N , where X ∈ B and N is ν-negligible. A field of complex
Hilbert spaces over z is a mapping ξ → H(ξ) defined on z. H(ξ) is a complex Hilbert space
for ξ ∈ z. A measure is said to be standard if there exists a ν-negligible subset N of z such
that the Borel space zN is standard.
Theorem 3. Suppose that X is standard. If
A =
∫ ⊕
A(x) dν(x), (B.7)
then
A′ =
∫ ⊕
A′(x) dν(x). (B.8)
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Definition 10. We say that H(ξ) form a ν-measurable field of complex Hilbert spaces if
there is a linear subspace S of F with following properties:
(1) For each x ∈ S, function ξ → ||x(ξ)|| is ν-measurable,
(2) If y ∈ F , the complex valued function ξ → 〈x(ξ), y(ξ)〉 is ν-measurable for each x ∈ S,
then y ∈ S,
(3)There exists a sequence (x1, x2, · · · ) of elements of S. For each ξ ∈ z, xn(ξ) form a total
sequence in H(ξ).
The constant field corresponding to H0 (separable complex Hilbert space) over z is the
ν-measurable field defined as: a. H(ξ) = H0 for every ξ ∈ z, b. the ν-measurable vector
fields are the ν-measurable mappings of z into H0.
B.4 Some Useful Theorems of the Von-Neumann Algebra
We show some useful theorems of the Von-Neumann algebra in the entanglement entropy,
and compute the entanglement entropy from these theorems.
Theorem 4. Let A be a *-algebra of operators in H with XAH = H (IH ∈ A, where IH is
an identity operator in H).). Then A′′ (the Von-Neumann algebra generated by A) is the
closure of A in the weak, strong, ultra-weak or ultra-strong topologies.
Proof. Let A1 be the closure of A in the weak topology, which is a *-algebra of operators.
Therefore, A′ and A′′ are weakly closed. This shows A ⊆ A1 ⊆ A′′ ⊆ A′′1. We also have
A1 = A
′′
1 due to IH ∈ A. Therefore, we obtain A1 = A′′. Similarly, we can also show that
the closure of A is A′′ in the strong, ultra-weak or ultra-strong topologies.
This theorem shows existence of the Von-Neumann algebra in quantum field theory. In
quantum theory, we have closed and unitary as in the Von-Neumann algebra. Therefore,
the Von-Neumann algebra is useful in quantum field theory which do not lose completeness.
Theorem 5. Suppose A and A′ are decomposable (A and A′ are the Von-Neumann alge-
bras.), then
A =
∫ ⊕
A(ξ) dν(ξ), A′ =
∫ ⊕
A′(ξ) dν(ξ). (B.9)
(1) A(ξ) and A′(ξ) commute almost everywhere.
(2) If Z is diagonalizable, and Z is the center of A (and A′), then A(ξ) and A′(ξ) generate
the Von-Neumann algebra L(H(ξ)).
(3) Conversely, if A(ξ) and A′(ξ) generate the Von-Neumann algebra L(H(ξ)), then Z is
the center of A and A′, and A(ξ) and A′(ξ) are factors.
Proof.
T1 =
∫ ⊕
T1(ξ) dν(ξ), T2 =
∫ ⊕
T2(ξ) dν(ξ), · · · ,
T ′1 =
∫ ⊕
T ′1(ξ) dν(ξ), T
′
2 =
∫ ⊕
T ′2(ξ) dν(ξ), · · · , (B.10)
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are decomposable operators. As T1, T2, · · · commute with T ′1, T ′2, · · · and T ′†1 , T ′†2 , · · · ,
and T1(ξ), T2(ξ), · · · commute with T ′1(ξ), T ′2(ξ), · · · and T ′†1 (ξ), T ′†2 (ξ), · · · , hence, A(ξ)
and A′(ξ) commute almost everywhere.
A ∩ A′ = Z is the same as saying that A and A′ generate the Von-Neumann algebra
Z ′. Hence, T1, T2, · · · and T ′1, T ′2, · · · generate the Von-Neumann algebra Z ′ almost
everywhere. This means that T1(ξ), T2(ξ), · · · and T ′1(ξ), T ′2(ξ), · · · generate L
(
H(ξ)
)
.
Finally, if A(ξ) and A′(ξ) generate L(H(ξ)), we have
A(ξ) ∩A′(ξ) = (A′(ξ) ∪A(ξ))′ = L′(H(ξ)). (B.11)
Therefore, Z is the center of A and A′, and A(ξ) and A′(ξ) are also factors.
This theorem is useful to use the decomposable algebras A and A′ to generate L(H),
then we can use factors to generate the total algebra or we have tensor product decompo-
sition in each subspace. This property is interesting for a generalization of partial trace
operator. In local quantum field theory, we use A and A′ to generate the Von-Neumann
algebra, the algebra is decomposable and center is diagonalizable, then our approach will
not lose generality.
Proposition 1. Let ξ → H(ξ) be a ν-measurable field of complex Hilbert space over z,
where H =
∫⊕
H(ξ) dν(ξ). A separable complex Hilbert space is K0, a constant field
corresponding to K0 over z is ξ → K(ξ), a decomposable Von-Neumann algebra in H is
A =
∫⊕
A(ξ) dν(ξ), and B is the Von-Neumann algebra in K0. Therefore, we can identify
H ⊗K0 as
∫⊕
(H(ξ)⊗K0) dν(ξ), then we have A⊗B =
∫⊕
(A(ξ)⊗B) dν(ξ).
Corollary 2. Let K0 be a separable complex Hilbert space. A constant field corresponding
to K0 over z is ξ → K(ξ). For each Von-Neumann algebra B in K0, Z ⊗B is isomorphic
to
∫⊕
B(ξ) dν(ξ), where Z is the diagonalizable operator, with B(ξ) = B for each ξ ∈ z.
Finally, we give a lemma to relate a decomposable Hilbert space and decomposable
algebra to diagonalizable operators from a transformation. When we define the entangle-
ment entropy with non-trivial centers, we use A and A′ to generate full algebras. Hence,
centers should be diagonalizable. It is useful to compute the entanglement entropy with
the non-trivial centers.
Lemma 3. Let K0 be a separable complex Hilbert space. The Von-Neumann algebra A0 in
K0, and a ν-measurable field of complex Hilbert space over z is ξ → H(ξ), where
H =
∫ ⊕
H(ξ) dν(ξ). (B.12)
The algebra of diagonalizable operator is Z, a ν-measurable field of the Von-Neumann al-
gebra over z is ξ → A(ξ) ⊂ L(H(ξ)), and
A =
∫ ⊕
A(ξ) dν(ξ). (B.13)
Suppose that there exists, for each ξ ∈ z, an isomorphism U(ξ) of H(ξ) onto K0 such that
U(ξ)−1A0U(ξ) = A(ξ). Suppose that ν is standard. Then there exists a transformation
from A into Z ⊗A0.
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This lemma is to mention that two Hilbert spaces exist a isomorphism, which gives
diagonalizable operators. The diagonalizable operator is also a center of the decomposable
operator. This implies that the center is isomorphic to a diagonalizable operator.
It is interesting for finding a transformation to get an algebra with a new structure,
which will give equivalent physical results in a total Hilbert space. But the entanglement
entropy will depend on mapping so different choices of mapping will give different answers.
This can be seen as a new way to extend the entanglement entropy from tensor product
decomposition of the Hilbert space to non-tensor product decomposition of the Hilbert
space. The entanglement entropy with gauge symmetry is hard to define comes from the
partial trace operator in the non-tensor product decomposition of the Hilbert space. When
using mapping this new factor, a suitable partial trace operator will have hope to find in
the non-tensor product decomposition of the Hilbert space. Using transformation to define
the entanglement entropy can be seen as changing observation way. We will find a basis to
diagonalize center, and let algebra be a block diagonal form. This can be done generically
in local quantum field theory.
C Details of the Strong Subadditivity
We show all lemmas and theorems related to the strong subadditivity [39, 40] in this ap-
pendix.
Lemma 4.
lnx ≤ x− 1 x > 0 (C.1)
with equality only at x=1.
Lemma 5. If A and B are self-adjoint positive trace-class operators on the Hilbert space
H, then
Tr
(
A lnA−A lnB −A+B
)
≥ 0. (C.2)
Proof. Let ψi (φi) be a complete orthonormal set of A (B) with eigenvalues ai (bi). The
relation between ψi and φi is given by
φi =
∑
j
Uijφj , (C.3)
where Uij is a unitary mapping. Therefore,
〈ψi|A lnA−A lnB|ψi〉 = ai
(
ln ai −
∑
j
|Uij |2 ln bj
)
≥ ai
[
ln ai − ln
(∑
j
|Uij |2bj
)]
≥ ai −
∑
j
|Uij |2bj = 〈ψi|A−B|ψi〉, (C.4)
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where we used
ln
(∑
j
|Uij |2bj
)
≥
∑
j
|Uij |2 ln bj (C.5)
in the first inequality and the Lemma 4 in the second inequality. Now we find
Tr
(
A lnA−A lnB −A+B
)
≥ 0. (C.6)
For convenience, we will give some basic definitions and derivations before we derive
next mathematical results. We define that f(A) is convex if
f
(
λA+ (1− λ)B
)
≤ λf(A) + (1− λ)f(B) 0 ≤ λ ≤ 1 (C.7)
and f(A) is concave if
f
(
λA+ (1− λ)B
)
≥ λf(A) + (1− λ)f(B) 0 ≤ λ ≤ 1. (C.8)
If f(A) is concave, then −f(A) is convex. Now we introduce integral representation of ln a
function, where a is a number, as∫ ∞
0
dx (1 + x)−1(a− 1)(a+ x)−1 =
∫ ∞
0
dx
(
1
1 + x
− 1
x+ a
)
= ln a. (C.9)
If A is a bounded self-adjoint strictly positive (〈x,Ax〉 ≥ 0 ∀x 6= 0) linear operator, then
we have
lnA =
∫ ∞
0
dy (1 + y)−1(A− 1)(A+ y1)−1, (C.10)
which can be shown by choosing a basis to let A be diagonal. The procedure of proof is
similar with the integral representation of ln a. Now we use the integral representation to
show
d
dx
ln(α+ xβ)|x=0 ≡ Tα(β) ≡
∫ ∞
0
dy (α+ y1)−1β(α+ y1)−1 (C.11)
where α is a bounded self-adjoint strictly positive and β is a bounded self-adjoint linear
operators.
ln(α+ xβ) =
∫ ∞
0
dy (1 + y)−1(α+ xβ − 1)(α+ xβ + y1)−1,
d
dx
ln(α+ xβ) =
∫ ∞
0
dy (1 + y)−1β(α+ y1 + xβ)−1
−
∫ ∞
0
dy (1 + y)−1(α+ xβ − 1)(α+ y1 + xβ)−1β(α+ y1 + xβ)−1,
d
dx
ln(α+ xβ)|x=0 =
∫ ∞
0
dy (1 + y)−1β(α+ y1)−1
−
∫ ∞
0
dy (1 + y)−1(α− 1)(α+ y1)−1β(α+ y1)−1
=
∫ ∞
0
dy (α+ y1)−1β(α+ y1)−1. (C.12)
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Later we will need the second order derivative so we compute it now as
d2
dx2
ln(α+ xβ)|x=0 = −2
∫ ∞
0
dy (1 + y)−1β(α+ y1)−1β(α+ y1)−1
+2
∫ ∞
0
dy (1 + y)−1(α− 1)(α+ y1)−1β(α+ y1)−1β(α+ y1)−1
= −2
∫ ∞
0
dy (α+ y1)−1β(α+ y1)−1β(α+ y1)−1 ≡ −Rα(β).
(C.13)
Lemma 6. Let F be a convex function, and its derivative is
lim
x→0
x−1
(
F (A+ xB)− F (A)
)
≡ G(A,B). (C.14)
Assume that F is homogeneous or order 1 (F (λA) = λF (A) for λ > 0.). Then we have
G(A,B) ≤ F (B).
Proof. For all x > 0,
F (A+ xB) = F
[
(1 + x)
(
(1 + x)−1A+ x(1 + x)−1B
)]
= (1 + x)F
(
(1 + x)−1A+ x(1 + x)−1B
)
≤ (1 + x)
(
(1 + x)−1F (A) + x(1 + x)−1F (B)
)
= F (A) + xF (B).
(C.15)
Therefore, we obtain
G(A,B) ≤ F (B). (C.16)
A convex function is Q(A,K) = Tr
(
KTA(K)
)
(This is homogeneous of order 1.), and
its derivative is given by
d
dx
TA+xB(L) =
d
dx
∫ ∞
0
dy (A+ y1 + xB)−1K(A+ y1 + xB)−1
∣∣∣∣
x=0
= −
∫ ∞
0
dy (A+ y1)−1B(A+ y1)−1K(A+ y1)−1
−
∫ ∞
0
dy (A+ y1)−1K(A+ y1)−1B(A+ y1)−1,
d
dx
Q(A+ xB,K)|x=0 = −Tr
(
BRA(K)
)
. (C.17)
By using the Lemma 6, Q(A,K) gives
− Tr
(
BRA(K)
)
+ 2Tr
(
MTA(K)
)
≤ Tr
(
MTB(M)
)
, (C.18)
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where A andB are bounded self-adjoint strictly positive linear operators andK is a bounded
self-adjoint linear operator.
Theorem 6. Let L be a bounded self-adjoint positive (〈x,Ax〉 ≥ 0 ∀x) and A be a bounded
self-adjoint strictly positive linear operators. Then
A 7→ FL(A) ≡ Tr
(
exp(L+ lnA)
)
(C.19)
is concave for all L.
Proof. ChooseK to be a bounded self-adjoint linear operator, and define f(x) ≡ Tr
[
exp
(
L+
ln
(
A + xK
))]
. This theorem is equivalent to showing d
2f
d2x
≤ 0 when x = 0 for all A, L
and K. Then the computation is given by
d
dx
eF+xG
∣∣∣∣
x=0
=
∫ 1
0
dy eyFGe(1−y)F = T−1exp(F )(G),
d2f
dx2
|x=0 = −Tr
(
BRA(K)
)
+ Tr
(∫ 1
0
dy TA(K)B
yTA(K)B
1−y
)
= −Tr
(
BRA(K)
)
+ Tr
[
TA(K)T
−1
B
(
TA(K)
)]
, (C.20)
where B = exp(L+ lnA). We use (C.18) by choosing M = T−1B
(
TA(K)
)
to show d
2f
dx2
≤ 0.
Therefore, we obtain that FL(A) is concave for all L.
Theorem 7. Let A, B and C be bounded self-adjoint operators, then
Tr
(
eCTexp(−A)
(
eB
)) ≥ Tr(eA+B+C). (C.21)
Proof. We define α ≡ e−A, β ≡ eB and L ≡ A+ C. Then we use the Lemma 6 to deduce
Tr
(
eA+B+C
)
= Tr
(
eL+lnβ
)
≤ d
dx
Tr
(
eL+ln(α+xβ)
)∣∣∣∣
x=0
= Tr
(
eCTα
(
β
))
. (C.22)
D Quantum Entropy in Free Theory
We explicitly compute quantum entropy in free theory in this appendix, and start from the
density matrix
ρB = Ke
−∑lB lBa†lBalB , (D.1)
where K is a normalization constant, and aiB and a
†
iB
is defined as
φiB = α
∗
iBjB
a†jB + αiBjBajB , piiB = −iβ∗iBjBa
†
jB
+ iβiBjBajB (D.2)
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with
[aiB , a
†
jB
] = δiBjB , α
∗βT + αβ† = −1. (D.3)
The normalization K can be determined as
1 = KTr
(
e
−∑lB lBa†lBalB) = KΠkB(1 + e−kB + e−2kB + · · ·) = KΠkB 11− e−kB .
(D.4)
Hence, K = ΠlB
(
1− e−lB
)
. Then we show expectation value of a†kBakB as
nkBkB ≡ 〈a†kBakB 〉 =
∂
∂kB
ln(1− e−kB ) = 1
ekB − 1 . (D.5)
Other expectation values in akB and a
†
kB
are
〈a†kBalB 〉 = nkBkBδkB lB , 〈a
†
kB
a†lB 〉 = 0, 〈akBalB 〉 = 0. (D.6)
From
Tr(ρBqiBpjB ) =
i
2
δiBjB , Tr(ρBqiBqjB ) = XiBjB , Tr(ρBpiBpjB ) = PiBjB ,
(D.7)
the first equality gives
α∗nβT − α(n+ 1)β† = 1
2
1, (D.8)
the second equality gives
α∗nαT + α(n+ 1)α† = XB, (D.9)
and the third equality gives
β∗nβT + β(n+ 1)β† = PB, (D.10)
where α ≡ αiBjB , n ≡ niBjB , β ≡ βiBjB , XB ≡ XiBjB and PB ≡ PiBjB . Solving these
equations (D.8)-(D.10), we can redefine ai to let α and β be real. Hence, (D.8) gives
α = −1
2
(βT )−1. (D.11)
Then (D.9)-(D.11) gives
α
1
4
(2n+ 1)2α−1 = XBPB. (D.12)
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Now we can obtain 14(2nkBkB + 1)
2 = ν2kB , where νkB are eigenvalues of
√
XBPB. Hence,
tanh(
lB
2 ) =
1
2νlB
. The quantum entropy is given by
SQ(V ) = −Tr(ρB ln ρB) = −
∑
lB
ln(1− −lB ) +
∑
lB
lB 〈a†lBalB 〉
= −
∑
lB
(
ln(1− e−lB ) + lBe
−lB
1− e−lB
)
= =
∑
lB
(
(νlB +
1
2
) ln(νlB +
1
2
)− (νlB −
1
2
) ln(νlB −
1
2
)
)
= Tr
(
(C +
1
2
) ln(C +
1
2
)− (C − 1
2
) ln(C − 1
2
)
)
,
(D.13)
where we used
− ln(1− e−lB ) = ln(νlB +
1
2
),
lBe
−lB
1− e−lB = (νlB −
1
2
) ln
(
νlB +
1
2
νlB − 12
)
, (D.14)
and C ≡ (XBPB)1/2.
E Details of the Entanglement Entropy in the Einstein Gravity Theory
The entanglement entropy is
SEE = −∂n
(
lnZn − nZ1
)∣∣∣∣
n=1
, (E.1)
where the partition function in the Einstein gravity theory will behave like the delta function
near entangling surface. The classical partition function in the Einstein gravity theory is
defined as Z = exp(−S), where S is the action.
When we take on-shell solutions into the Einstein gravity theory, the on-shell bulk ac-
tion does not have derivative terms. Therefore, we should not have any conical singularity
on the bulk because our metric is periodic with respect to conical angle. Hence, the en-
tanglement entropy in the Einstein gravity theory only comes from the entangling surface.
When we consider the higher derivative gravity theory, the bulk on-shell action possibly
have derivative terms. Hence, we also need to consider bulk entanglement entropy in the
higher derivative theory.
Now we use conical singularity to find the entanglement entropy on the entangling
surface. We set the entangling surface at ρ = 0 and conical angle 2pin, and start from an
off-shell metric field near ρ = 0 [34, 45, 46]
ds2 =
(
1 +
(n2 − 1)a2
ρ2 + a2
)
dρ2 + n2ρ2dφ2, (E.2)
where gρρ ≡
(
1 + (n
2−1)a2
ρ2+a2
)
and gφφ ≡ n2ρ2. We also have limit
gρρ|ρ=0 = n2, gρρ|a→0 = 1. (E.3)
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For n = 1 and a → 0, we have asymptotic flat metric. Now we analyze singularity. The
computation is given by
∂ρgρρ = −2(n
2 − 1)a2ρ
(ρ2 + a2)2
, R =
1
gρρ
Rρρ +
1
gφφ
Rφφ,
√
det gµν =
√
gρρgφφ, (E.4)
where
Γµνδ =
1
2
gµλ
(
∂δgλν + ∂νgλδ − ∂λgνδ
)
, Rµν = ∂δΓ
δ
νµ − ∂νΓδδµ + ΓδδλΓλνµ − ΓδνλΓλδµ.
(E.5)
Γρρρ = −
(n2 − 1)a2ρ
(ρ2 + a2)(ρ2n2 + a2)
, Γρφφ = −
(
ρ2 + a2
ρ2 + n2a2
)
n2ρ, Γφρφ =
1
ρ
,
(E.6)
Γρρφ = Γ
φ
ρρ = Γ
φ
φφ = 0. (E.7)
Hence,
Rρρ = − (n
2 − 1)a2
(ρ2 + a2)(ρ2 + n2a2)
, Rφφ =
ρ2a2(1− n2)
(ρ2 + a2n2)2
n2, R =
2a2(1− n2)
(ρ2 + a2n2)2
,
(E.8)
√
det gµν =
√
ρ2 + a2n2
ρ2 + a2
nρ. (E.9)
The contribution of the action in D-dimensions from the entangling surface as
− 1
16piG
∫
dDx
√
det gµνR = − 1
16piG
∫
dD−2x lim
a→0
4pin
∫ 
0
a2(1− n2)
(ρ2 + a2n2)
3
2 (ρ2 + a2)
1
2
ρdρ,
(E.10)
where  is a small parameter (But we let /a 1.) and G is the Newton constant. We use
change variable
h3 ≡
(
ρ2 + a2n2
ρ2 + a2
) 3
2
,
dh2
dρ
= −2(n
2 − 1)a2ρ
(ρ2 + a2)2
(E.11)
to compute the integral
lim
a→0
4pin
∫ 
0
a2(1− n2)
(ρ2 + a2n2)
3
2 (ρ2 + a2)
1
2
ρdρ = 4pin
∫ 
0
dh2
dρ
2h3
dρ = −4pinh−1
∣∣∣∣
0
= − 4pin√
ρ2 + a2n2
√
ρ2 + a2
∣∣∣∣
0
= 4pi(1− n). (E.12)
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Therefore, the entanglement entropy is Aq−2/(4G) [34, 45, 46], where Aq−2 is codimension
two surface. This result does not change even if we embed two dimensional cone in higher
dimensions because the conical singularity only appears in the two dimensional cone (The
analysis method is similar with what we did.). The above computation is to use a two
dimensional off-shell cone with a parameter a to compute the entanglement entropy in
the Einstein gravity theory. We can also start from a two dimensional on-shell cone to
compute the entanglement entropy. Then we need to put a boundary term in the on-shell
cone method. The entanglement entropy only comes from this boundary term and the
entanglement entropy on the bulk will vanish. The answer is also consistent with the off-
shell cone method. The off-shell cone is not a rigorous method naively. When you use an
off-shell cone method to compute the entanglement entropy, the derivative of the metric
field is ill-defined when you take limit. Hence, the off-shell cone method is just a way to do
regularization for the delta function. In other words, the off-shell cone method is to find
the boundary effect on the bulk action from the regularization without putting a boundary
term. Therefore, we can use the on-shell cone to compute the entanglement entropy with a
boundary term, or we use the off-shell cone to do regularization without putting a boundary
term.
F AdS5 Metric
The AdS5 metric is
ds2 = l2s
(
1√
λ
−dt2 +∑3i=1 dx2i
Z2
+
√
λ
dZ2
Z2
)
, (F.1)
where λ ≡ 4pigsN , Z ≡ l2s/r, ls is string length, gs string coupling constant, r is distance
that parallel D3-branes separated and N is rank of the gauge group [31]. We can rewrite
the metric as
ds2 =
l2s
√
λ
Z ′2
(
− dt2 +
3∑
i=1
dx2 + dZ ′2
)
, (F.2)
where Z 8 =
√
λZ. Then we use Z 88 = 1/Z 8 and Z 888 = Z 88l2s
√
λ to get
ds2 = l2s
√
λ
(
dZ 882
Z 882
+ Z 882
(− dt2 + 3∑
i=1
dx2i
))
= l2s
√
λ
dZ 8882
Z 8882
+
Z 8882
l2s
√
λ
(−dt2 +
3∑
i=1
dx2i ).
(F.3)
Now we use
X0 = tZ
888lsλ
1
4 , Xi′ = xi′Z
′′′lsλ
1
4 , (F.4)
X4 +X5 = Z
888, X5 −X4 = (−t
2 +
∑3
i=1X
2
i )Z
888
l2s
√
λ
+
l2s
√
λ
Z 888
, (F.5)
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where i′ = 1, 2, 3. Hence, the metric is
ds2 = −dX20 − dX25 + dX21 + dX22 + dX23 + dX24 (F.6)
with
X20 +X
2
5 −X21 −X22 −X23 −X24 =
√
λl2s . (F.7)
Then we use
X0 = lsλ
1
4 cosh ρ cos τ, X5 = lsλ
1
4 cosh ρ sin τ, Xi′′ = lsλ
1
4 sinh ρxˆi′′ , (F.8)
where
∑4
i=1 xˆ
2
i = 1, and indices i
′′ = 1, 2, 3, 4, to obtain
ds2 = l2sλ
1
2
(
− cosh2 ρ dτ2 + dρ2 + sinh2 ρ dΩ23
)
, (F.9)
where
dΩ23 = dθ
2 + sin2 θ(dψ2 + sin2 ψdφ2). (F.10)
Now we use
r˜ = l2s
√
λ sinh ρ, t˜ = l2s
√
λτ (F.11)
to get
ds2 = −
(
1 +
r˜2
l4sλ
)
dt˜2 +
1
1 + r˜
2
l4sλ
dr˜2 + r˜2dΩ23. (F.12)
When we take N →∞ and gsN  1, the metric will approach to flat metric as [31]
ds2 = −dt˜2 + dr˜2 + r˜2dΩ23. (F.13)
G Hamitonian Formulation in the Lattice SU(N) Yang-Mills Gauge The-
ory in the Fundamental Representation
We start from the Hamitonian formulation of the SU(N) Yang-Mills gauge theory in the
fundamental representation on continuous space. Then we give a Hamitonian formulation
on lattice. When we take continuum limit, the lattice model will become the SU(N) Yang-
Mills gauge theory in the fundamental representation on continuous space. The action for
the SU(N) Yang-Mills gauge theory in the fundamental representation is given by
SYMF = −
∫
dDx
1
4g2
F aµνF
µν,a, (G.1)
where
F aµν ≡ ∂µAaν − ∂νAaµ + fabcAbµAcν , (G.2)
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Aaµ is one-form gauge potential, and F aµν is field strength associated with Aaµ. We denote
total spacetime indices by the Greek letters and the Lie algebra indices as a-h. An equation
of motion is
DµF
µν,a ≡ ∂µFµν,a + fabcAbµFµν,c = 0, (G.3)
where Dµ is covariant derivative. The Lagrangian is given by
LYMF ≡
∫
dDx
(
1
2g2
F a0iF
a
0i −
1
4g2
F aijF
a
ij
)
. (G.4)
We used a Minkowski-space metric with signature (−1, 1, 1, · · · ). Canonical momenta are
given by
pia0 ≡
δL
δA˙a0
= 0, piai ≡
δL
δA˙ai
=
1
g2
F a0i. (G.5)
Due to pia0 = 0, we cannot obtain [Aa0, pib0] = δabδ(~x − ~y). With suitable canonical com-
mutation relations, we need to eliminate Aa0. This is the temporal gauge Aa0 = 0. The
Hamitonian in the temporal gauge is given by
HYMF =
∫
dD−1x
(
piai ∂0A
a
i − LYMF
)
=
∫
dD−1x
(
g2
2
piai pi
a
i +
1
4g2
F aijF
a
ij
)
.
(G.6)
From the equation of motion, we have one constraint
T a ≡ ∂ipiai + fabcAbipici = 0. (G.7)
This is the constraint equation for every spacetime point. Imposing this at one time, this
constraint is compatible with the Hamilton’s equation. This question can be answered in
the quantized case. Assuming the canonical commutation relations as
[Aai (~x), pi
b
j(~y)] = δijδ
abδ(~x− ~y), [piai (~x), pibj(~y)] = 0, [Aai (~x), Abj(~y)] = 0.
(G.8)
The constraint equations T a generate time-independent gauge transformation, and Ω†AˆaiΩ =
infinitesimally gauge-transformed Aai , where Ω = 1 + i
∫
dD−1x ωa(~x)T a(~x) · · · . The Hami-
tonian is gauge invariant so [T a, H] = 0. The constraint is compatible with the Heisenberg
equation of motion. The Hilbert-space realization of the canonical commutation is given
by a coordinate representation as
〈G|Aai (~x)|Ψ〉 = Aai (~x)〈G|Ψ〉, 〈G|piai (~x)|Ψ〉 = −i
δ
δAai (~x)
〈G|Ψ〉 (G.9)
with wavefunctional Ψ(G) ≡ 〈G|Ψ〉. There are no negative norm states, and physical states
have to be gauge invariant because we have
T a(~x)|Ψ〉phys = 0. (G.10)
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to define physical states. Let us write the lattice Hamitonian.
HLYMF =
g2
2
∑
l
Eal E
a
l −
1
g2
∑

(
TrU + TrU
†

)
, (G.11)
where Eal is the electric field operator on spatial link l with component indices a and U
is the plaquette operator on spatial plaquette . We set lattice spacing be 1 for simplicity.
Now we show that this model have a correct continuum limit. The first term of the lattice
Hamitonian gives
−
∫
dD−1x
g2
2
δ
δAai
δ
δAai
(G.12)
in continuum limit. Let use check the second term of the lattice Hamitonian.
UijUjk = exp(iAm) exp(iAn) = exp
(
iAm + iAn +
i
2
[Am, An] + · · ·
)
, (G.13)
UklUli = exp(−iA′m) exp(−iA′n) = exp
(
− iA′m − iA′n +
i
2
[Am, An] + · · ·
)
= exp
(
− iAm − iAn − i∂nAm + i∂mAn + i
2
[Am, An] + · · ·
)
. (G.14)
Therefore, we obtain
UijUjkUklUli = exp
(
iFmn + · · ·
)
(G.15)
We denote Fmn ≡ F amnta and Am ≡ Aamta, where ta is a generator of the SU(N) group in
the fundamental representation. The generator satisfies
[ta, tb] = fabctc, Tr(tatb) =
1
2
δab. (G.16)
Hence, the second term of the lattice Hamitonian gives∫
dD−1x
1
4g2
F aijF
a
ij . (G.17)
This show that the lattice Hamitonian has a correct continuum limit. Later, we will use
this lattice Hamitonian to study the entanglement entropy.
H Review of the Extended Lattice Model
The entanglement entropy of gauge theory is hard to define due to local symmetry. On
lattice, we will suffer more obstacles from preserving gauge symmetry with finite lattice
spacing. We have a plaquette field which has non-locality on lattice. The plaquette field
does not live on the vertices as in lattice scalar field theory. The entanglement entropy in
lattice gauge theory will give us these difficulties.
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As a remedy, the extended lattice model [35, 47] was proposed, where the original
Hilbert space H is embedded into a larger one H ′ that admits a decomposition. This is
accomplished by inserting a new vertex on the boundary ∂A at the intersection with a
link whenever this crosses ∂A and splitting this link into two new links. The new Hilbert
space consists of functions on all the links. The extended lattice model is invariant under
gauge transformation acting on all the original vertices, but not on the new vertices. Gauge
transformation now acts independently on each side of ∂A. Note that A (and similarly
A¯) now includes all links in its interior, as well as the new links from the boundary. A
norm-preserving embedding is given by
ψ′(Ul1 , · · · , Ul∂A , Ul∂A¯ , · · · , Ulk) ≡ ψ(Ul1 , · · · , Ul∂A · Ul∂A¯ , · · · , Ulk) , (H.1)
where an embedded state |ψ′〉 ∈ H ′ is defined by a gauge-invariant state |ψ〉 ∈ H from the
(matrix) dot product of the link variables Ul from all boundary-crossing links l∂ ≡ l∂A∪ l∂A¯.
Note that the embedded states are invariant even for gauge transformation at the extra or
new boundary vertices.
Given a decomposition of H ′, and the embedding, the reduced density matrix and the
entanglement entropy are obtained in the standard way:
ρA = TrA¯ |ψ′〉〈ψ′| , S = −Tr
(
ρA log ρA
)
. (H.2)
By decomposing the reduced density matrix into irreducible representations of the boundary
gauge group, and using properties of the Von-Neumann entropy, the entanglement entropy
for a generic state in the lattice gauge theory can be written as a sum of the classical
Shannon term, a weighted average involving dimensions of boundary representations, and
a term including effects of non-local correlations [35]. Below we give the formal result and
outline their derivation as given in [35].
In [35], a given gauge-invariant state |ψ〉 ∈ H is expressed in terms of spin network
states, which forms an orthonormal basis of H:
|ψ〉 =
∑
S
ψ(S)|S〉 , (H.3)
where spin network state |S〉 related to a spin network S is a functional obtained by taking
representations rl of group element on each link l, multiplying by
√
dim(r) and contracting
with the interwiner in as
〈S|U〉 =
(⊗
l∈L
√
dim(rl)rl(ul)
)
·
(⊗
n∈V
in
)
. (H.4)
The interwiner is chosen to be orthonormal in inner product as
〈i1, i2〉 ≡ Tr(i1i†2). (H.5)
The resulting spin network states form an orthonormal basis of H. A spin network consists
of an assignment of irreducible representations R = {rl : l ∈ L} to each link, and intertwin-
ers I = {iv : v ∈ V } to each vertex. Each intertwiner iv is a gauge invariant map between
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the representation spaces of all the links that end on the vertex v and all the links that
emanate from v. A field content is the group element ul and its gauge transformation is
ul → gt(l) · ul · g−1s(l), (H.6)
where gn is a group element, and s(l) and t(l) are nodes at source and target of the link l.
The map in is given by
in :
( ⊗
l:t(l)=n
rl
)
→
( ⊗
l:s(l)=n
rl
)
. (H.7)
A spin network S is then specified by all its representations and intertwiners as
S = (RA, RA¯, R∂ , IA, IA¯) . (H.8)
Under the embedding pi∗ : H → H ′A⊗H ′¯A, the spin network state |S〉 is mapped to [56]
pi∗|S〉 =
∏
l∈L∂A
1√
dim(rl)
∑
ml
|SA〉 ⊗ |SA¯〉 , (H.9)
where
SA = (RA, R∂ , IA, M) , SA¯ = (RA¯, R∂ , IA¯, M
∗) (H.10)
are open spin networks whose states span H ′A and H
′¯
A
respectively, M = {ml : l ∈ L∂}
is a set of vectors in the boundary representation spaces such that ml ∈ rl or its dual r¯l
depending on whether the link l points inward or outward at the boundary, and M∗ is the
set of vectors dual to those in M . Finally, L∂ is the set of all boundary-crossing links, and
L∂A is a set of all new links created on the side of A when the boundary-crossing links are
split. In (H.9), the sum over ml ranges over an orthonormal basis of rl.
Using the decomposition (H.9), the reduced density matrix in region A is given by
ρA =
∑
J
ψ(S)ψ(S′)∗∏
l∈L∂A
dim(rl)
|SA〉〈S′A| , (H.11)
where
S′ = (R′A, RA¯, R∂ , I
′
A, IA¯) , S
′
A = (R
′
A, R∂ , I
′
A, M) , (H.12)
and J is a collective index over RA, RA¯, R∂ , IA, IA¯, R′A, I
′
A, M . The sum over intertwiners
are over respective orthonormal bases compatible with the representation assignments. Note
that R∂ is the same for both SA and S′A. Thus, ρA does not have off-diagonal terms that
mix different boundary representations.
To see how the reduced density matrix ρA decomposes into representations. Note that
H ′A has a decomposition
H ′A =
⊕
R∂
⊗
l∈L∂
rl
⊗H ′A(R∂)
 , (H.13)
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where H ′A(R∂) is a bulk Hilbert space spanned by states |RA, IA〉. In this decomposition,
we use
|SA〉 = |R∂〉 ⊗ |M〉 ⊗ |RA, IA〉 , |S′A〉 = |R∂〉 ⊗ |M〉 ⊗ |R′A, I ′A〉 . (H.14)
Therefore, their outer product is
|SA〉〈S′A| = |R∂〉〈R∂ | ⊗ |M〉〈M | ⊗ |RA, IA〉〈R′A, I ′A|. (H.15)
Using the outer product and rearranging, the reduced density matrix then becomes
ρA =
∑
R∂
p(R∂)|R∂〉〈R∂ | ⊗
∑
M
|M〉〈M |∏
l∈L∂A
dim(rl)
⊗ ρA(R∂) . (H.16)
This reduced density can also equivalently be rewritten as
⊕
R∂
p(R∂)
⊗
l∈L∂
1rl
dim(rl)
⊗ ρA(R∂) , (H.17)
where
p(R∂) =
∑
RA,RA¯,IA,IA¯
|ψ(S)|2 (H.18)
is a probability distribution of R∂ and
ρA(R∂) =
∑
RA,R
′
A,RA¯,IA,I
′
A,IA¯
ψ(S)ψ(S′)∗
p(R∂)
|RA, IA〉〈R′A, I ′A| (H.19)
is the reduced density matrix. The factor p(R∂) is included in the definition to maintain
the unit trace condition.
With ρA given in (H.17), the computation of the entanglement entropy can be simplified
by using the following properties of the Von-Neumann entropy:
1. S (
⊕
n pnρn) = HC(pn) + 〈S(ρn)〉,
2. S(ρ1 ⊗ ρ2) = S(ρ1) + S(ρ2),
3. S((1)n/n) = log n.
Applying these properties to ρA (H.17) then yields
S(ρA) = HC(p(R∂)) +
∑
l∈L∂A
〈ln dim(rl)〉+ 〈S(ρA(R∂))〉 . (H.20)
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